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Abstract. In this article, the routing problems are described. It is shown, that almost all routing
problem can be transformed into each other. An example of the Mixed Chinese Postman
problem is discussed. The article gives an overview of various variants of Chinese Postman
Problem. For all problems the mathematical formulation is given. Moreover, the useful real-
life application is presented, too. Then, the article provides a table of possible Chinese Postman
problems and identifies parameters that can be varied for obtaining new problems. Five
parameters have been identified, such as: presence of set of edges; presence of set of arcs;
presence of edges with cost, depending on traversing; the presence of set of required edges; the
presence of set of required arcs. It was shown that by varying these parameters one can obtain
tasks that were not described earlier but can be used in real life. Four new tasks were identified.
Then it is shown that the Chinese Postman problem can be solved as another routing tasks
through graph transformations. The method for transforming Chinese Postman problem into
the Generalized Travelling Salesman problem is given. Then the results of solving the above
problem are presented by simple algorithms, and their effectiveness is shown. The research is
not over yet. The testing of other algorithms is planned.
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1. Introduction

The General Routing Problem (GRP) is a routing problem defined on a graph where
a minimum cost tour is to be found and where the route must include visiting certain
required vertices and traversing certain required edges [1]. The routing problems are
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closely related to the logistic and transportation management. From the theoretical
point of view, routing problems are mainly related to determining the optimal set of
routes in a graph. In practice, the routing problems are not only the tasks of
determining optimal set of routes, they are also the tasks of testing robots, the
correctness of links in the application menu and operating systems, interactivity
usability of web-sites [2]. The Travelling Salesman Problem (TSP) is one of the
routing problem consisting in finding a minimal length closed tour that visits each
city once. The TSP is one of the most well-known routing problem. Another practical,
but less well-known problem is the Chinese Postman Problem (CPP). The CPP is
finding a shortest closed path that visits every edge or arc of a graph. The CPP has a
simple formulation and a lot of potentially useful applications, but today is poorly
understood.

The article gives an overview of various CPPs, provides mathematical formulations
of problems, and describes the scope of the problem. In addition, the article cites
references to the literature, in which the various ways of transforming different types
of ARP to VRP is described. Also, the results of the current research of various
algorithms for solving the problem of a Generalized Traveling Salesman Problem
(GTSP) are presented.

2. The Variations of Chinese Postman Problem
There are a lot of variations of CPP. Below, some of them are described.

2.1 The Windy Rural Chinese Postman problem

The Windy Rural Chinese Postman Problem (WRCPP) is a special case of ARP, in
which Ap € A, Ep € E, and the cost of traversing the edges is depended from the
direction of traversing.

WRCPP is a generalization of the CPP in a mixed multigraph. In original CPP
problem, it is necessary to find a closed route of minimum length that contains all
edges and arcs of the original multigraph at least once. In the real world, it is not
always necessary to traverse absolutely all edges and arcs, it is enough to traverse
only a certain set of them. Besides, the cost of traversing the edges depend from
direction of traversing. The problem of this type is known as the Windy Rural Chinese
Postman Problem, which is finding a closed route of minimum length that contains
all required edges or arcs of the original multigraph at least once and can contains
non-required edges or arcs, so, that the cost of traversing edges depends on traversing
direction [5, 6].

Fix the edge {v;, v;} (non-oriented pair of vertex) from E. Define (v;, v;) as ordered
pair of vertices, meaning the traversing an edge {v;, v;} from vertex v;to v; vertex.
Note, that (3{v; v} € E)(C(vl-, v) # C(v, v}-)) (D
Let arc be (v;, v;) € A ordered pair of vertices, meaning the traversing an arc (v;,;)
from vertex v; to v; vertex.
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We give a formal formulation of the WRCPP problem, extending it to the case of a
mixed multigraph.

Let I ={1,2,...,|Er + 4g|}, L = {1,2,...,|V|}. On the set of vertices V of G define
indexation inv =V - L,(Vv; €V)(Vv; €V)(v; #v; >0 # )i = inv(vy.
On the set ERUAp of G define indexation inea=EzRUAp — I,
(Yu; € (Er UAR)(Vu; € (Egr UAR)) (W #uj— i #j),i = inu(u).

The solution of WRCPP is the route . = (v, Uy, V1, U -V Up,), Which satisfy

12% p2’
for the following [11]:
w = {(vli’vliﬂ)' (vli’vliﬂ) €L =172 k—1
o (Uli' vli+1)’ (vli’ 17li+1) €A ' ’

Up, =

{(Vlk' v, ) (Vi v1,) €E

1=
(Vo v1,)s (Vi v1,) €A
Ep U Ap{Uup,, Up,) ) Up, } = @

We denote by C(1) = X, i i 1 C(up,) the cost of traversing the route.

Let M is a set of WRCPP routes. It is needed to find yu, € M, where

(Vi € M) (C(u0) < C(w)).

A lot of theoretical and computational works is devoted to WRCPP. WRCPP cannot
be solved for polynomial time. In general, the problem of WRCPP is NP-hard [12].

2.2 The Undirected Rural Chinese Postman problem

The Undirected Rural Chinese Postman Problem (URCPP) is a particular WRCPP
which consists of determining a minimum cost circuit on a graph so that it is possible
to traverse a given subset of required edges.

DCPP is a special case of WRCPP, where A = @, and there is not edges, which
satisfy (1). So, V{v,,v}} € E, C(v;,v)) = C(v;,v)).

The URCPP is known to be an NP-hard problem and it has some interesting real-life
applications.

2.3 The Undirected Chinese Postman problem

The Chinese Postman problem in the undirected graph (Undirected Chinese Postman
Problem, UCPP) is the original statement of the CPP problem, which was firstly
introduced by the mathematician Kwang-Mei-Ko in 1960 [2].

UCPP is a special case of WRCPP, where A = @, Ep = E and there is not edges, which
satisfy (1). So, V{v,,vj} € E, C(v;,v)) = C(v;,v))

If multigraph has Eulerian circuit then this cycle is a solution of UCPP. The algorithm
for constructing the Eulerian circuit has O(|E|) time complexity [5].

The Eulerian circuit is existing in an undirected multigraph if multigraph is connected
and every vertex has an even degree. A multigraph satisfying the conditions for the
existence the Eulerian circuit is called Eulerian multigraph. If the original multigraph
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is not Eulerian, then for UCPP solution some edges must be traversed more than once.
In other words, the multigraph should be supplemented with copies of some the edges
to the Eulerian multigraph, so that the cost of the added copies of the edges is minimal

[4].

2.4 The Directed Rural Chinese Postman problem

The Directed Rural Chinese Postman Problem (DRCPP) is a special case of the
WRCPP where a subset of the set of arcs of a given directed graph is required to be
traversed at minimum cost [2, 8].

DRCPP is a special case of WRCPP, where E = @.

In general, the DRCPP is NP-hard for directed multigraphs.

This problem also known as the Selecting Chinese Postman problem [8].

2.5 The Directed Chinese Postman problem

The Chinese Postman problem in the directed graph (Directed Chinese Postman
Problem, DCPP) is a special case of the WRCPP problem, in which defined on
directed graph and all arcs should be traversed. In some articles DCPP also called
New York Street Sweeper Problem [§].

DCPP is a special case of WRCPP, where E = @, Az = A.

If multigraph has Eulerian trail, then this trail is a solution of DCPP. The algorithm
for constructing the Eulerian trail has O(]A]) time complexity [9].

The Eulerian trail is existing in a directed multigraph if multigraph is strongly
connected and outdegree of each vertex is equal to indegree. A multigraph satisfying
the conditions for the existence the Eulerian trail is called Eulerian multigraph. If the
original multigraph is not Eulerian, then for DCPP solution some edges must be
traversed more than once. In other words, the multigraph should be supplemented
with copies of some the arcs to the Eulerian multigraph, so that the cost of the added
copies of the arcs is minimal [2].

2.6 The Undirected Windy Rural Chinese Postman problem

The Undirected Windy Rural Chinese Postman Problem (UWRCPP) is an important
ARP which generalizes most of the single-vehicle ARP and can be defined as follows
[2,9].

UWRCPP is a special case of WRCPP, where A = @ and there is edges, which satisfy
.

2.7 The Undirected Windy Chinese Postman problem

The Undirected Windy Chinese Postman problem is the NP- hard problem of finding
the minimum cost of a tour traversing all edges of an undirected multigraph, where
the cost of traversal of an edge depends on the direction [10].

UWCPP is a special case of WRCPP, where A = @ and there is not edges, which
satisfy (1). So, V{v,,vj} € E, C(v;,v)) = C(v;,v)).
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If multigraph has Eulerian circuit then this cycle is a solution of WCPP. The algorithm
for constructing the Eulerian circuit has O(|E|) time complexity [5]. If the original
multigraph is not Eulerian, then some should be traversed more than once. In other
words, the multigraph should be supplemented with copies of the edges to the
Eulerian multigraph so that the cost of the added copies of the edges is minimal. The
solution of the complement problem for a graph that does not satisfy properties (9)
and (10) is an NP-hard problem. Thus, WCPP belongs to the class of NP- hard that
cannot be solved in polynomial time [13].

2.8 The Mixed Chinese Postman problem

Mixed Chinese Postman Problem (MCPP) it is a version of WRCPP, where
multigraph consists from edges and arcs, simultaneously, and all of them should be
traversed [11, 12].

MCPP is a special case of WRCPP, where Ap = A, Ex = E. and there is not edges,
which satisfy (1). So, V{v, v;} € E,C(v,v)) = C(v},v).

In 1962, Ford and Fulkerson proposed necessary and sufficient conditions for a mixed
graph to be Eulerian. It is necessary and sufficient that in a strongly connected
multigraph, the degrees of all vertices are even, and the divergence of each vertex is
zero. If a mixed multigraph does not satisfy these conditions, then it must be
supplemented by copies of arcs and edges to the Eulerian multigraph, so that the cost
of the added copies of the arcs and edges is minimal. The addition of a mixed
multigraph to Eulerian is an NP-difficult problem [13].

2.9 The Mixed Windy Chinese Postman Problem

The Mixed Windy Chinese Postman Problem (MWCCP, also called WCPP) is a
special case of WRCPP. In MWCCP the cost of traversing the edges is depended from
the direction of traversing.

UWRCPP is a special case of WRCPP, where there are edges, which satisfy (1).

In many theoretical works it was shown that problem is NP- hard.

210 The Mixed Windy Chinese Postman Problem

The Mixed Rural Chinese Postman Problem (MRCCP) is a special case of WRCPP.
In MRCCP not all edges and arcs should be traversed. There is a set of arcs and edges,
which must appear in solution, other arcs and edges may appear in solution or may
not.
MRCPP is a special case of WRCPP, where there are not edges, which satisfy (1).
In many theoretical works it was shown that problem is NP- hard [14].
We tried to build a classification of different CPP. Combine the existing CPP in a
table containing the following criteria:

* the presence of set of edges (A),

* the presence of set of required edges (B),

* the presence of edges with cost, depending on traversing
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* direction (C),

* the presence of set of arcs (D),

« the presence of set of required arcs (E).
The results are shown in “Table 1”. As we can see, there are four problems, which
today are not existing (yellow cells in table), but also can have real-world
applications.

Table 1. The Classification of CPP

[ 9
o o & | oa -oN -9
A &~ ol = Ol a2l | O &
m&”*gm&mU@BomB%
a | o © mombgmaob
clg|B|lz| 0| 2| Q| = o 2| x|
>S| 5| 5| 5|ala|l=|a|=|a|>5|=|a|z=
Al - | - | - -1+ + |+ + |+ ]+ ]|+ |+ ]+ ]|+
B| - | - | - -1 -1+1-1=-1=-1-1+11+1+/]+=
C|l - |+ -+ -1-1-1+1-1+1-14+1-1H+
D| + | + + | - + |+ + |+ |+ +
E| - | - |+ |+ -1-1-1=-1+1+1=-1-1+%+/H+

3. Solving the Variations of Chinese Postman Problem

In many sources was shown that almost all ARP problems can be transformed into
VRP problems, predominantly in generalized travelling salesman problems (GTSP)
[13, 15, 16, 17]. For example, in [16] paper is described how the Capacitated Arc
Routing Problem can be formulated as a standard vehicle routing problem. This
allows us to transform arc routing into node routing problems and, therefore,
establishes the equivalence of these two classes of problems. A well-known
transformation by Pearn, Assad and Golden [16] reduces arc routing problem (ARP)
into an equivalent vehicle routing problem (VRP). However, that transformation is
regarded as unpractical, since an original instance with n required edges is turned into
a VRP over a complete graph with 3n+/ vertices. In [15] article was proposed a
similar transformation that reduces this graph to 2n+1 vertices, with the additional
restriction that a previously known set of n pairwise disconnected edges must belong
to every solution.

Thus, one can move from less studied problems ARP to well-known problems VRP,
such as TSP and GTSP, which have a lot of different approximation algorithms for
solving.

In the next sections, we try to compare the simplest algorithms for solving the GTSP.
Generalized travelling salesman problem (GTSP) is an expansion of well-known TSP
(Travelling Salesman Problem). In GTSP all vertices of graph are grouped in separate
clusters. The solution of GTSP is a minimum-cost route, which traverse each cluster
exactly once.
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4. Methods for Solving the Generalized Travelling Salesman
Problem

Now, we investigate the following simple approximate algorithms for solving
GTSP:

* Nearest Neighbor Heuristic (NN) [19];

* Repetitive Nearest Neighbor Heuristic (RNN) [20];

* Improved Nearest Neighbor Heuristic (INN) [21];

e Repetitive Improved Nearest Neighbor Heuristic (RINN) [22];

¢ Loneliest Neighbor Heuristic (NLN) [23].
To evaluate the developed algorithms, the source code was written in the
C++language.
Experiments was conducted on Apple Macbook Pro 13 al502. Measurements were
made of the executing time of the algorithm and the error rate of the solution. The
results is presented in Table 1, 2, 3, 4, 5 and 6. Min(T), max(T) and M(T) means
minimum, maximum and average time of algorithm working. Min(C), max(C) and
M(C) means minimum, maximum and average error rate of algorithms.

Table 2. The measurements of NN algorithms

V| min(T) | max(T) | M(T) | min(C) | max(C) M(C)

50 0,001 0,079 0,003 6,65% 23,53% | 14,59%
100 0,001 0,009 0,002 7,35% 21,25% | 15,00%
200 0,002 0,025 0,004 8,93% 21,77% 15,24%
500 0,007 0,041 0,017 [ 12,18% | 35,04% | 20,42%
1000 0,025 0,114 0,062 12,99% 40,77% 21,33%
1500 0,054 0,264 0,132 12,90% 37,38% 20,52%
2000 0,098 3,317 0,445 12,28% 39,08% 20,41%
3000 0,350 3,888 2,510 12,81% 42,00% 21,29%

Table 3. The measurements of RNN algorithms

\Y min(T) max(T) M(T) min(C) | max(C) M(C)

50 0,011 0,088 0,033 4,31% 16,66% 9,84%
100 0,079 2,521 0,261 6,07% 15,52% 11,07%
200 0,630 3,365 1,504 6,72% 18,41% 12,51%
500 6,678 98,085 31,772 10,08% 30,40% 17,83%

1000 62,258 695,821 247,218 11,65% 37,44% 18,51%
1500 198,014 2009,900 763,293 11,40% 34,29% 18,68%
2000 489,153 6731,020 | 2224,092 | 11,29% 33,46% 18,67%
3000 | 4102,820 | 8901,420 | 6334,230 | 12,53% 38,94% | 20,59%
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Table 4. The measurements of INN algorithms

N4 min(T) max(T) | M(T) | min(C) max(C) M(C)

50 0,000 0,008 0,001 5,81% 25,32% 14,50%
100 0,000 0,009 0,001 7,48% 22,43% 14,79%
200 0,002 0,009 0,004 8,43% 22,36% 15,27%
500 0,011 0,054 0,025 | 12,57% 35,96% | 20,30%
1000 0,040 0,178 0,095 | 12,64% | 40,29% | 20,63%
1500 0,091 0,395 0,207 | 12,24% 38,45% | 20,31%
2000 0,155 1,035 0,404 | 12,09% 35,56% | 20,24%
3000 0,369 21,215 4478 | 12,65% | 42,12% | 21,20%

Table 5. The measurements of RINN algorithms

V] min(T) | max(T) M(T) min(C) | max(C) M(C)
50 0,001 0,029 0,008 6,49% 22,54% | 14,07%
100 0,004 0,652 0,067 7,17% 20,65% | 14,86%

200 0,050 1,212 0,372 8,65% 23,28% 15,14%
500 0,018 0,178 0,072 12,57% 35,96% | 20,30%
1000 0,094 1,177 0,446 12,64% 40,29% | 20,63%

1500 0,212 6,003 1,769 12,24% 38,45% | 20,36%
2000 0,556 28,860 6,816 12,09% 35,56% | 20,24%
3000 1,007 114,590 | 28,321 12,65% | 42,12% | 21,20%

Table 6. The measurements of NLN algorithms

V| | min(T) | max(T) | M(T) | min(C) | max(C) | M(C)
50 0,001 0,029 | 0,003 | 638% | 22.21% | 14,44%
100 | 0,004 0,046 | 0,011 | 8,03% | 2063% | 14,76%
200 | 0,017 0,078 | 0,036 | 845% | 21,76% | 1541%
500 | 0,078 0434 | 0,190 | 12,52% | 34,46% | 2036%
1000 | 0,293 2262 | 0,814 | 12,65% | 40,48% | 20,68%
1500 | 0,656 15,192 | 3,043 | 12,81% | 36,84% | 20,17%
2000 | 0,356 19,953 | 3,764 | 12,59% | 38,07% | 21,32%
3000 | 1,456 | 120,110 | 27,402 | 13,34% | 39.91% | 22,33%

5. Summary

This article provides an overview of the known CPP. An attempt to systematize and
classify these problems has been made. Mathematical formulations of new types of
CPP was founded. The paper also shows that almost all problems of the ARP can be
transformed to VRP. In addition, for solving the Chinese Postman problems the way
of transformation it into VRP (mainly in GTSP) has been chosen.
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At this stage, the research is not complete. It is necessary to investigate the various
ways of transformation ARP is into VRP. In addition, it is necessary to investigate
the various ways of solving the GTSP. And the key idea of future research is the use
of transformation algorithms and algorithms for solving the GTSP for solving the
different modifications of CPP.
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BapuaHTbl 3a4a4 KUTaUCKOro NoyTasriboOHa U UX peLueHus
Yyepes npeobpasoBaHue B 3a4a4M MapLpyTU3auumn

M.K. I'opoenko <mgordenko@hse.ru>
C.M. Asoowun <savdoshin@hse.ru>
Henapmamenm npocpammHoil undxceHepui,
Hayuonanvuwii uccnedosamensvckuil ynusepcumem “‘Bvicuias wikona skoHomuku”,
101000, Poccus, e. Mockea, yn. Machuykas, 0. 20

Abstract. B cratbe ommcanbl mpoOieMbl MapuipyTu3anuu. [loka3aHo, 4TO IMOYTH BCe
mpoOJeMbl MapHIPpyTH3alUM Oyr MOTYT OBITh MpeoOpa3oBaHbl B JAPYrHE MPOOIEMBI
MapIIpyTU3anuHd. JTO NPOAEMOHCTPHPOBAHO Ha MPUMEpPE 33aud KUTACKOro MovTajaboHa B
CMeIIaHHOM MyibTurpade. Takxke B cTaThe NMPHUBEACH 0030p Pa3NIMUHBIX 337ad KUTAHCKOro
HOoYTaJboHA (B 3aBUCHMOCTH OT Tumna rpada, (QyHKIHH CTOUMOCTH ¥ 00s3aTeIbHOCTH
HPOXO>KAEHHMS d1IeMeHTOB rpada). i1 kax0it npo0ieMsl 1aHa MaTeMaTHIecKast IOCTaHOBKA.
Kpome Toro, onmcanel IpUMeps! MOTEHIMAIBHO MONE3HBIX MPUIIOKEHHH, T1e 3alaull MOTYT
ObITh mpuMeHeHbl. lIpuBeneHa TabnMIla pas3AMYHBIX BapHAaHTOB 3aladyd  KUTaiCKOro
MOYTAIbOHA U BBIOPAHBI TapaMeTps! ISt HACHTU(HUKAIIMHY Pa3INIHbIX THIIOB 3a/1a4. Beineneno
IIATh TapaMeTpOB: HAIMYHE IyT, HAIU4He pebep, Hanuuue oO0S3aTeTbHBIX IyT, HAIUIHE
00s13aTeNbHBIX pedep, Haaudane pebep co CTOMMOCTBIO, 3aBHCSIEH oT npoxona. ITokasaHo,
YTO, BAapbUPYs STH IapaMeTPbl, MOXKHO IOIYyYHTh HOBBIC 33/1aud, KOTOPHIE MOTYT OBITH
HOJIE3HBI B peajbHOM JKU3HHM, OJHAKO eIlle He OIMCAHBl. BBIABICHBI YETHIpE TAaKUX 3a/aui.
Iokazano, 4TO 3aa4a KUTAHCKOrO IOYTAIEOHA MOXKET OBITh pelleHa Iy TeM Mpeodpa3oBaHus
B JIpyTHe 3a7a4u Mapipytusanuy. [Ipusenen MeTo1, Mo3BONSIONIHNIA TpeoOpa3oBaTh 3a1ady B
000011IeHHy10 3aauy KOMMHBOsDKepa. llokas3aHbl pe3ynbTaThl NMPUMEHEHUS! MPOCTEHIINX
QJIITOPUTMOB IS PEIICHNS ITPe0OPa30BaHHOTO BApHAHTA 331a9H (Pe3yNbTaThl IPUBEACHBI UIS
AITOPUTMOB OJIDKaWIIero coceqa W Mx mMoau¢ukanuii). MccnenoBanue eme He 3aBEPILCHO,
IUIAHUPYETCS ~ NPOJOJDKATh  TECTUPOBATh  AITOPUTMBI  PEIICHHS CMEXHBIX — 3amad
MapIIpyTH3aLUN U aTOPUTMBI JUIs IpeoOpa3oBaHuii 3a1a4 B SKBUBAJICHTHBIE.
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