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Abstract. Understanding how a neural network’s loss landscape evolves with dataset size is essential for 
identifying sufficient training data. Prior analyses of this problem have typically been local, focusing on second-
order expansions around a single optimum and bounding convergence through Hessian properties. While such 
studies clarify convergence rates, they provide only a pointwise view of stability. In this paper, we extend the 
framework to a distributional paradigm. Instead of analyzing convergence at one optimum, we evaluate it in 
expectation over a parameter distribution. This approach captures how entire neighborhoods of the loss 
landscape stabilize as additional samples are added. We focus on Gaussian distributions centered at local 
minima and employ Monte Carlo sampling to estimate convergence in practice. Theoretically, we show that 
distributional convergence exhibits the same asymptotic rate as the local case, while offering a more robust 
picture of stability. Empirical studies on image classification tasks confirm these predictions and highlight how 
architectural choices such as normalization, dropout, and network depth influence convergence. Our results 
broaden local convergence analyses into a distributional setting, providing stronger guarantees and practical 
tools for characterizing dataset sufficiency. 
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Аннотация. Понимание того, как ландшафт функции потерь нейронной сети изменяется при 
увеличении размера обучающего набора, имеет ключевое значение для определения достаточного 
объема данных. Ранее этот вопрос в основном рассматривался локально – через разложение второго 
порядка в окрестности одной точки минимума и анализ сходимости на основе свойств матрицы Гессе. 
Подобные исследования позволяют оценить скорость сходимости, но дают лишь точечное 
представление о ней. В настоящей работе предлагается подход к оцениванию сходимости поверхности 
через усреднение по распределению. Рассматриваются гауссовские распределения, центрированные в 
локальных минимумах, применяется метод Монте-Карло для практической оценки сходимости. 
Теоретические результаты показывают, что сходимость в среднем по распределению имеет тот же 
асимптотический порядок, что и локальная, но дает более надежное представление о стабильности. 
Экспериментальные результаты на задачах классификации изображений подтверждают эти выводы и 
демонстрируют, как архитектурные решения – такие как нормализация, dropout и глубина сети – влияют 
на процесс сходимости. Таким образом, результаты данной работы обобщают методы локального 
анализа сходимости, обеспечивая более сильные гарантии и практические инструменты для оценки 
достаточности обучающего набора. 
Ключевые слова: нейронные сети; поверхность функции потерь; сходимость; сэмплирование по 
гауссу; оценка по Монте–Карло; размер выборки. 
Для цитирования: Киселев Н.С., Мешков В.С., Грабовой А.В. Устойчивая сходимость поверхности 
функции потерь через усреднение по распределению. Труды ИСП РАН, том 38, вып. 3, часть 4, 2026 г., 
стр. 71–82. DOI: 10.15514/ISPRAS–2026–38(3)–47. 

1. Introduction 
Neural networks achieve strong performance across domains such as image classification, language 
modeling, and generative modeling. As datasets and models scale, accuracy improves but at growing 
computational cost. This raises a fundamental question: how large must the dataset be before 
additional samples cease to meaningfully alter the optimization landscape? Answering this is central 
both for theoretical understanding of generalization and for practical training decisions. 
One way to study this problem is through the geometry of the loss landscape. Curvature near minima 
reflects generalization, stability, and optimization dynamics [1, 2]. Flatter minima are linked to 
robustness, while sharper ones often overfit [3]. The Hessian, encoding second-order curvature, is 
central in such analyses [4, 5]. Yet little is known about how these properties evolve with increasing 
dataset size. 
In earlier works authors analyzed loss landscape convergence with sample size [6]. Using second-
order Taylor expansions at local optima, they showed that the difference between losses trained on 𝑘 and 𝑘 + 1 samples vanishes as 𝑘 → ∞, with rates governed by the Hessian spectral norm. This 
clarified how local curvature stabilizes with more data, but remained a pointwise view tied to a single 
optimum 𝑤∗. 
Here we extend that analysis to a distributional framework (Fig. 1). Instead of one point, 
convergence is measured in expectation under a parameter distribution 𝑝ሺ𝑤ሻ. This captures the 
stability of neighborhoods around optima and allows Monte Carlo estimation in practice. Gaussian 
neighborhoods offer a natural choice: they probe surrounding curvature while remaining tractable. 
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We prove that distributional convergence matches the quadratic rate of the pointwise case, while 
providing a stronger notion of stability by averaging across directions. Experiments on image 
classification validate the theory and reveal how batch normalization, dropout, and depth influence 
convergence. 

 
Fig. 1. Overview of our observations. 

Part (a) shows the loss function landscape, which is a surface in the parameters space. 
Part (b) shows the losses difference. 

We propose the 𝛥௞ metric, which in practice is a Monte Carlo estimation of a squared losses difference 
over a Gaussian distribution near the local minima. 

Contributions. Our contributions can be summarized as follows. 
• Generalization of pointwise convergence analyses to a distributional framework over 

arbitrary parameter distributions 𝑝ሺ𝒘ሻ. 
• Introduction of Gaussian neighborhoods around local optima and a Monte Carlo estimator 

for convergence. 
• Theoretical guarantees showing distributional convergence decays at the same asymptotic 

rate as the local case, but with greater robustness. 
• Empirical evaluation across architectures, highlighting how normalization, dropout, and 

depth reshape landscape stability. 
Outline. Section 2 reviews related work. Section 3 introduces notation. Section 4 presents the 
framework and analysis. Section 5 reports experiments. Section 6 discusses implications and Section 
7 concludes. 

2. Related Work 
Geometry of neural network loss landscapes. The geometry of neural network loss functions has 
been a central theme in deep learning theory. Early studies analyzed the abundance of local minima 
and saddle points in high-dimensional spaces [7], and later works revealed connectivity of minima 
through nearly flat valleys [8-10]. The flatness or sharpness of minima is often linked to 
generalization, with flatter regions associated with more robust solutions [3,11]. Visualization 
approaches [12] and analyses of double descent and training instabilities [13,14] further highlight 
how architectural choices, initialization, or optimization interact with the underlying geometry. 
More recent work has also examined landscape properties in transformers and vision models [15,16]. 
These studies provide qualitative and structural insights into geometry, but do not directly address 
how landscapes converge with increasing dataset size. 
Hessian spectra and curvature analyses. The Hessian matrix is a powerful tool for quantifying 
curvature and stability in trained networks. Empirical studies show that its spectrum typically 
consists of a large bulk near zero and a few outliers that capture informative directions [4-5, 17-18]. 
Outlier structure has been tied to class-level geometry [19], while random matrix and maximum-
entropy models explain power-law tails [20-22]. Decomposition methods, such as Kronecker 
factorizations, provide scalable approximations and structural interpretations [23–25]. Beyond 
structural analysis, curvature has been directly connected to generalization and robustness [2,26-28]. 
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Earlier studies also fall into this direction: in [6] authors introduced a Hessian-based framework for 
analyzing convergence in fully connected networks, and in [29] extended it to convolutional 
architectures. However, most Hessian-based analyses remain local, focusing on pointwise curvature 
near minima rather than distributional stability across neighborhoods. 
Dataset size, stability, and scaling perspectives. A complementary line of work investigates how 
dataset size affects both generalization and optimization. Empirically, larger datasets tend to produce 
flatter landscapes and more stable solutions [30], while scaling law studies explore systematic trade-
offs among model size, dataset size, and compute [31]. Algorithmic stability theory [32-34] provides 
generalization guarantees by bounding sensitivity to changes in the training set, offering a 
perspective closely related to our notion of landscape convergence. Connections to kernel regimes 
[35-36] also motivate quadratic and distributional approximations. Beyond these general 
perspectives, recent work has begun to study sample size determination directly. In particular, 
authors introduced several methods for linear models based on likelihood bootstrapping [37] and 
parameters posterior distributions proximity [38]. Yet despite this broad literature, the question of 
how loss landscapes themselves converge as dataset size increases has remained largely unexplored. 
Our contribution addresses this gap by formalizing convergence in expectation under parameter 
distributions, thereby connecting geometric insights from Hessian spectra with stability-style 
notions from learning theory. 

3. Preliminaries 

3.1 Notation 
We denote a neural network with parameters 𝒘 ∈ 𝑅ே by 𝑓𝒘. Let the training dataset be 𝔇 ={ሺ𝑥௜ ,𝑦௜ሻ}௜ୀଵ஽  of size 𝐷, where 𝑥௜ ∈ 𝒳 and 𝑦௜ ∈ 𝒴. For a subset 𝔇௞ = {ሺ𝒙௜ ,𝒚௜ሻ}௜ୀଵ௞  with 𝑘 < 𝐷, the 
empirical loss is ℒ௞ሺ𝑤ሻ = 1𝑘෍𝑙ሺ𝑓௪ሺ𝑥௜ሻ,𝑦௜ሻ௞

௜ୀଵ = 1𝑘෍𝑙௜ሺ𝑤ሻ௞
௜ୀଵ , 

where 𝑙௜ሺ𝑤ሻ is the per-sample loss. The difference in empirical loss when adding the ሺ𝑘 + 1ሻ-th 
example is ℒ௞ାଵሺ𝑤ሻ − ℒ௞ሺ𝑤ሻ = 1𝑘 + 1 ൫𝑙௞ାଵሺ𝑤ሻ − ℒ௞ሺ𝑤ሻ൯. 
To quantify landscape change, we define the squared-difference criterion: Δ௞ାଵ = 𝐸௣ሺ௪ሻ ቂ൫ℒ௞ାଵሺ𝑤ሻ − ℒ௞ሺ𝑤ሻ൯ଶቃ, 
where 𝑝ሺ𝑤ሻ is a weighting distribution over parameter space (e.g., Gaussian around a local 
minimum). Thus, in practice, Δ௞ାଵ can be estimated via Monte Carlo: Δ௞ାଵ ≈ 1𝐵෍ቀℒ௞ାଵ൫𝒘ሺ௧ሻ൯ − ℒ௞൫𝒘ሺ௧ሻ൯ቁଶ஻

௧ୀଵ , 𝒘ሺ௧ሻ ∼ 𝑝ሺ𝒘ሻ. 
3.2 Assumptions 
Our theoretical analysis relies on the following assumptions, standard in loss landscape studies: 
Assumption 1 (Smoothness). Each per-sample loss 𝑙௜ሺ𝑤ሻ is twice continuously differentiable. 
Assumption 2 (Existence of local minima). For each 𝑘, there exists at least one local optimum 𝒘௞∗  
such that ∇ℒ௞ሺ𝒘௞∗ ሻ = 𝟎. 
Assumption 3 (Bounded Hessians). The Hessians at local minima are bounded: ||𝐻௜ሺ𝑤௞∗ሻ||ଶ ≤ 𝑀ு ,  ∀𝑖,𝑘, 
where 𝐻௜ is the Hessian of 𝑙௜. 
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Assumption 4 (Sampling distribution). Parameter vectors 𝑤 for evaluating Δ௞ are drawn from a 
distribution 𝑝ሺ𝑤ሻ with mean 𝑚 and covariance Σ. A typical choice is Gaussian: 𝑝ሺ𝑤ሻ =𝒩ሺ𝑚,σଶ𝐼ሻ. 
These assumptions allow us to characterize how empirical loss surfaces converge as the dataset size 
increases, and to derive rates for Δ௞ in terms of spectral and Frobenius norm bounds on Hessian 
differences. 

4. Method 
We now develop a formal analysis of loss landscape convergence. Our goal is to characterize how 
the difference between empirical losses ℒ௞ and ℒ௞ାଵ evolves as the dataset size increases, and to 
provide explicit convergence rates for the squared difference criterion Δ௞ାଵ. Unlike previous work 
that focused on a single optimum, we extend the framework by integrating over a distribution of 
parameters. This enables a more robust notion of convergence, since it captures how neighborhoods 
of optima evolve rather than just isolated points. 

4.1 Loss landscape change near local optima 
Let 𝑤௞∗ denote a local minimum of ℒ௞, i.e., ∇ℒ௞ሺ𝑤௞∗ሻ = 0. A second-order Taylor expansion around 𝑤௞∗ gives ℒ௞ሺ𝑤ሻ ≈ ℒ௞ሺ𝑤௞∗ሻ + 12 ሺ𝑤 − 𝑤௞∗ሻ்𝑯ሺ௞ሻሺ𝑤௞∗ሻሺ𝑤 − 𝑤௞∗ሻ, 
with 𝐻ሺ௞ሻሺ𝑤௞∗ሻ denoting the Hessian of ℒ௞ at 𝑤௞∗. Applying the same expansion for ℒ௞ାଵ and 
subtracting yields ℒ௞ାଵሺ𝑤ሻ − ℒ௞ሺ𝑤ሻ ≈ ℒ௞ାଵሺ𝑤௞∗ሻ − ℒ௞ሺ𝑤௞∗ሻ + 12 ሺ𝑤 − 𝑤௞∗ሻ்𝑨𝒌ሺ𝑤 − 𝑤௞∗ሻ, 
where 𝐴௞ = 𝐻ሺ௞ାଵሻሺ𝑤௞∗ሻ − 𝐻ሺ௞ሻሺ𝑤௞∗ሻ. 
This local expansion forms the foundation of earlier pointwise analyses. In our setting, however, it 
also serves as the starting point for distributional averaging: by substituting these expansions into Δ௞ାଵ, we capture how curvature fluctuations propagate under 𝑝ሺ𝑤ሻ. 
4.2 Squared difference criterion 
The convergence measure defined in Section 3 can thus be expressed as Δ௞ାଵ = 𝐸௣ሺ௪ሻ ቂ൫ℒ௞ାଵሺ𝑤ሻ − ℒ௞ሺ𝑤ሻ൯ଶቃ. 
Expanding the square and using standard variance decomposition gives Δ௞ାଵ = 𝐷௣ሺ௪ሻሾℒ௞ାଵሺ𝑤ሻ − ℒ௞ሺ𝑤ሻሿ + ൫𝐸௣ሺ௪ሻሾℒ௞ାଵሺ𝑤ሻ − ℒ௞ሺ𝑤ሻሿ൯ଶ. 
For a Gaussian sampling distribution 𝑝ሺ𝑤ሻ = 𝒩ሺ𝑤௞∗,σଶ𝑰ሻ centered at 𝑤௞∗, and under the natural 
assumption that ℒ௞ାଵሺ𝑤௞∗ሻ ≈ ℒ௞ሺ𝑤௞∗ሻ, the mean term vanishes. We then obtain the simplified form Δ௞ାଵ = σସ4 ቀTr2ሺ𝐴௞ሻ + 2Trሺ𝐴௞ଶሻቁ. 
The Monte Carlo estimator provides a scalable way to approximate this expectation in practice, 
making it possible to track Δ௞ across architectures and datasets. Importantly, this aligns the theory 
with empirical visualization tools: we can evaluate Δ௞ in the same neighborhoods where landscape 
plots are drawn. 

4.3 Bounding the trace terms 
The traces can be controlled by spectral properties of 𝐴௞. By Cauchy–Schwarz, Trሺ𝐴௞ሻ ≤ √𝑁 ||𝐴௞||ி,    Trሺ𝐴௞ሻ ≤ 𝑁||𝐴௞||ଶ, 
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while Trሺ𝐴௞ଶሻ = ||𝐴௞||ிଶ ≤ 𝑁||𝐴௞||ଶଶ. 
Thus, Tr2ሺ𝐴௞ሻ+ 2Trሺ𝐴௞ଶሻ  ≤  𝑁ଶ||𝐴௞||ଶଶ + 2𝑁||𝐴௞||ଶଶ. 
Lemma 1 (Trace bound). For any symmetric matrix 𝐴௞ ∈ 𝑅ே×ே, Tr2ሺ𝐴௞ሻ + 2Trሺ𝐴௞ଶሻ  ≤  𝑁ሺ𝑁 + 2ሻ||𝐴௞||ଶଶ. 
This bound ensures that the distributional convergence measure remains controlled by well-
understood spectral quantities, connecting our generalization directly back to Hessian-based 
analyses of prior work. 

4.4 Bounding the Hessian difference 
By construction, 𝐴௞ = 1𝑘 + 1൭𝐻௞ାଵሺ𝑤௞∗ሻ − 1𝑘෍𝐻௜ሺ𝑤௞∗ሻ௞

௜ୀଵ ൱. 
If ||𝐻௜ሺ𝑤௞∗ሻ||ଶ ≤ 𝑀ு for all 𝑖, then ||𝐴௞||ଶଶ ≤ 2𝑀ுଶሺ𝑘 + 1ሻଶ. 
Intuitively, this expresses that as the dataset grows, the variability in curvature introduced by adding 
one new example becomes negligible, which formalizes the geometric notion of “sample 
sufficiency”. 

4.5 Convergence rate 
Substituting the above bounds into the expression for Δ௞ାଵ yields Δ௞ାଵ ≤ σସ4  𝑁ሺ𝑁 + 2ሻ ||𝐴௞||ଶଶ ≤ σସ𝑁ሺ𝑁 + 2ሻ𝑀ுଶ2ሺ𝑘 + 1ሻଶ . 
Theorem 1 (Convergence rate of loss landscapes). Under Assumptions 1–4, the squared difference 
between empirical loss landscapes at sample sizes 𝑘 and 𝑘 + 1 satisfies Δ௞ାଵ = 𝒪 ൬ 1ሺ𝑘 + 1ሻଶ൰. 
Thus, as the dataset grows, loss landscapes converge quadratically fast in sample size. 
This result shows that extending from pointwise to distributional averaging does not change the 
asymptotic convergence rate: both decay quadratically with dataset size. However, the distributional 
setting provides a much stronger guarantee, since it demonstrates that entire neighborhoods around 
minima stabilize, not just single points. 

5. Experiments 
We now validate our theoretical framework through empirical studies. Our experiments address 
three main questions: (1) How does the loss landscape geometry evolve with architectural choices 
such as dropout, batch normalization, and network depth? (2) How does the proposed convergence 
measure Δ௞ behave in practice? (3) Can Δ௞ provide a geometric interpretation of sample size 
sufficiency analogous to scaling law studies? 

5.1 Experimental Setup 
We use the CIFAR-10 dataset (50k training and 10k test images, 10 balanced classes). Networks are 
trained for classification with cross-entropy loss. Unless otherwise stated, optimization is performed 
with Adam (learning rate 3 × 10ିସ, batch size 64). 
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To visualize high-dimensional loss landscapes, we project onto 2D random subspaces. Specifically, 
given an optimum 𝑤∗, we sample two random normalized directions 𝑢, 𝑣 with the same parameter 
norm ratios as 𝑤∗, and evaluate 𝑓ሺα,βሻ = ℒሺ𝑤∗ + α𝑢 + β𝑣ሻ. 
This follows the common visualization protocol of [12]. 

5.2 Effects of Dropout and Batch Normalization on the Loss Landscape 
In the following experiments, 4-layer convolutional networks were trained with 64 channels in the 
hidden layers, a kernel size of 3, and ReLU activations. ReLU and batch normalization were added 
depending on the experiment. Fig. 2 demonstrates how the loss function landscape of convolutional 
networks changes when dropout and/or batch normalization are added to the neural network. 
Although the example is quite toy-like, it clearly illustrates the transformation of the landscape. 
Specifically, one can see that the introduction of batch normalization leads to a substantial 
“narrowing” of the landscape, while adding dropout afterward causes it to widen again. 

 
Fig. 2. Convolutional networks (4 layers). 

Left: with dropout + batch norm, center: without dropout, right: without both. 
Batch normalization narrows the landscape, dropout widens it, 

while removing both produces unstable minima. 

The next experiments involved training a 4-layer fully connected neural network with 128-unit 
hidden layers using ReLU activations. Batch normalization and dropout were incorporated 
depending on the specific task configuration. Fig. 3 presents a similar experiment but with a fully 
connected network instead of a convolutional one, where the resulting loss landscape exhibits 
different properties. In particular, the landscape transforms less predictably and varies differently 
across different parameter space directions. When both batch normalization and dropout are applied 
simultaneously, the landscape becomes notably wider – an effect more pronounced than in 
convolutional networks. 

 
Fig. 3. Fully connected networks (4 hidden layers, 128 units). 

Left: with dropout + batch norm, center: without dropout, right: without both. 
Unlike convolutional models, the combination of dropout and batch norm produces the widest landscapes. 
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5.3 Loss Landscape Dynamics Near Optima with Varying Convolutional 
Blocks 
The next three experiments involve training a convolutional neural network with ReLU activations 
and 64 channels in the hidden layers, while varying the number of layers. Fig. 4 demonstrates how 
the loss landscape evolves in the vicinity of the optimum as the number of convolutional blocks 
changes. The visualization reveals that increasing network depth leads to a significantly wider 
landscape and more complex geometry. While shallow networks (2 layers) exhibit nearly parabolic 
shapes, deeper architectures produce more complex structure. 

 

Fig. 4. Loss landscape of convolutional neural network with varying numbers of layers (2 → 4 → 6). 

5.4 Delta calculation method hyperparameters influence 
This experiment employed a fully connected network with 4 hidden layers of 128 units each, ReLU 
activation, along with batch normalization and dropout. 
In Fig. 5, we observe how Δ௞ depends on the parameter σ in the distribution 𝑝ሺ𝑤ሻ. Notably, the 
dependence is significant, indicating that this parameter strongly affects the locality of the estimated 
landscape change. 

 
Fig. 5. The left plot demonstrates how the estimated quantity varies 

with changes in the distribution parameter (specifically, the variance 𝜎ଶ) of 𝑝ሺ𝑤ሻ. 
The right plot shows its dependence on the number of random directions (dim). 

In the same figure (right), we observe the dependence on the dim used for landscape evaluation. 
Notably, the results exhibit high noise levels, suggesting this parameter likely does not require fine-
tuning. Since visualization tests confirmed reproducibility across different random seeds, we 
subsequently use dimensionality equals 2 for convenience. Fig. 6 demonstrates the variation of ሺℒ௞ାଵ − ℒ௞ሻଶ𝑝ሺ𝑤ሻ (the integrand quantity), for different values of 𝑘. Specifically, we observe that 
as 𝑘 increases while keeping 𝑝ሺ𝑤ሻ parameters constant, local behavior becomes increasingly 
dominant. 
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Fig. 6. Change of the integrand quantity ሺℒ௞ାଵ − ℒ௞ሻଶ𝑝ሺ𝑤ሻ as the sample size increases, 

left: 𝑘 = 1, center: 𝑘 = 50, right: 𝑘 = 100. 

6. Discussion 
Our results show that empirical loss landscapes converge quadratically fast with dataset size, as 
captured by the metric Δ௞. The experiments confirm this trend: as 𝑘 increases, ሺℒ௞ାଵ −  ℒ௞ሻଶ𝑝ሺ𝒘ሻ smooths out and local fluctuations diminish. We now discuss the implications 
and boundaries of these findings. 
Geometric notion of sample sufficiency. Performance metrics such as accuracy or cross-entropy 
are standard proxies for dataset sufficiency. Our framework suggests a complementary, geometric 
criterion: once Δ௞ falls below a threshold, the loss surface becomes stable enough that additional 
samples no longer significantly alter optimization geometry. This view connects data sizing to 
measurable landscape properties, offering a tool for reasoning about when a dataset is “large 
enough”. 
Impact of architectural choices. We observed that architectural elements reshape convergence 
behavior. Batch normalization narrows valleys in convolutional networks, dropout widens them, and 
deeper models introduce more complex curvature patterns. In fully connected architectures, the 
interplay of dropout and normalization differs qualitatively. These findings highlight that 
convergence speed and stability are not solely functions of dataset size but also of design decisions, 
underlining the need to analyze architecture and data jointly. 
Assumptions and limitations. Our theoretical guarantees rely on quadratic approximations around 
local minima, Gaussian parameter distributions, and bounded Hessians. Real networks may violate 
these assumptions: multimodal loss landscapes and heavy-tailed curvature spectra are common, 
especially in large-scale transformers and language models. Furthermore, our experiments were 
confined to medium-scale image classification. Assessing whether distributional convergence 
persists in large architectures, alternative data modalities, and non-Gaussian parameter distributions 
remains an open challenge. 

7. Conclusion 
We developed a distributional framework for studying loss landscape convergence, showing that 
neighborhoods around optima stabilize at the same quadratic rate as pointwise analyses. This 
provides a stronger and more practical notion of stability, with empirical confirmation across several 
architectures. Looking ahead, extending this framework to large-scale models, exploring non-
Gaussian parameter distributions, and connecting convergence measures to generalization bounds 
represent promising directions for future work. 
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