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Abstract. This paper explores the performance criteria of the newest algorithm for solving the problem of
finding shortest paths on a graph from a given vertex — Bounded Multi-Source Shortest Path Algorithm
(BM-SSP). The algorithm was published in 2025 and, as its creators claim, it is asymptotically superior to
Dijkstra’s deterministic algorithm. However, in the publication devoted to this algorithm, only a theoretical
asymptotic analysis of the execution time was given, and not a single benchmark was provided that would
prove its practical effectiveness. This study should identify and substantiate the conditions under which the
BM-SSP algorithm demonstrates superior efficiency (in terms of execution time and resource consumption)
over classical algorithms for finding shortest paths on graphs of various structures. These hypotheses should be
proved or disproved by the results of benchmarks that will be conducted on the test infrastructure using a built-
in load framework for testing various graphs.
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AnHoTtanus. B cratse uccnenyiorest kpurepun 3(pHeKTHBHOCTU HOBEHINIET0 alrOpUTMa IS PEIICHHS 3a1aun
MOMCKA KpaTyalIixX myTeil Ha rpade u3 3ajanHoi BepiunHel — BM-SSP. Anropurm 611 onmy0nukoBas B 2025
rofy H, KaKk yTBEP)KHAIOT €ro CO3JaTelHd, aCHMITOTHYCCKH IPEBOCXOAUT NETEPMHUHUPOBAHHBIA aIrOPUTM
JeiikcTpel. OnHAako B IyONMKAIMY, MOCBSIIEHHOH JTOMY allOpPUTMY, OBLI JaH TOJIBKO TEOPETHUCCKHI
ACUMITOTHUYECKHII aHAIM3 BPEMEHH BBHIIOJIHEHHUS, X He OBUIO NMPHBEICHO HH OJHOTO OeHUMapKa, KOTOPBIi
JI0Ka3ai1 Obl ero MPaKTHIECKyIo 3G (HEeKTUBHOCTD. DTO HCCIIEJOBAHUE TODKHO BBISIBUTH M 000CHOBATh YCIOBUS,
P KOTOPbIX anroput™ BM-SSP nemoncTpupyer npesocxoasiyo 3(GpHeKTHBHOCTD (¢ TOUKHU 3pEHUs BDEMEHH
BBITIOTHEHHS U MOTPEOIICHHs PECypPCOB) TI0 CPABHEHHIO C KIIACCHYECKUMH aJITOPUTMAMH OHUCKA KpaTYaHIInx
myTel Ha rpadax pa3auYHON CTPYKTYPHL. OTU THUIOTE3BI HODKHBI OBITH HOJTBEPXKIEHBI HIIU OIPOBEPTHYTHI
pe3yJbrataMid OEHYMApKOB, KOTOPbIE OY/yT NPOBOAMTHCS HA TECTOBOW MH(PPACTPYKTYpPE C HCIIOIb30BAHHEM
pa3paboTaHHOTO (peiMBOPKA HATPY3KH JUISl TECTHPOBAHKS Pa3IMYHBIX IPAPUKOB.

KiioueBsle cj10Ba: rpadbl; KpaTyaiime My TH; MOMCK KpaTJYalIiX IyTeH 13 MHOKECTBA CTAPTOBBIX BEPILHH;
anroput™ JeHKCTphl; aHaJIN3 BPEMEHHOM CII0KHOCTH.

Jas murupoBanus: I'pomos P.C., Hectepos P.A. O6 a3¢dpexTuBHOCTH aJIrOpUT™Ma IOUCKA KPaTIaUIIero myTu
Ha rpade 13 MHOKecTBa cTapToBbix BepunH. Tpynst UCIT PAH, 2026, Tom 38, Bbin. 4, yacTs 2, crp. 23-44
(ua anrmmiickom s3bike). DOI: 10.15514/ISPRAS-2026-38(4)-17.

Baarogapnocrn. MccienoBaHue OCyIIecTBICHO B paMKkax IIporpamMmsl ¢yHIaMeHTaIbHBIX HCCIETOBaHHI
HIY BIIID (HSE-BR-2025-024).

1. Introduction

The search for shortest paths on graphs is characterized by mature classical approaches and an active
quest for superior solutions. For over half a century, Dijkstra and Bellman-Ford algorithms have
remained fundamental in academic and industrial systems due to their efficiency and ease of
implementation across various IT fields [1-4]. However, as data scales increase in modern
distributed systems, even minor asymptotic improvements yield significant performance gains,
driving the development of new algorithms that challenge long-standing barriers.

This study’s relevance stems from both practical needs and a theoretical breakthrough in late 2025.
Duan et al.’s work, "Breaking the Sorting Barrier for Directed Single-Source Shortest Paths" [5],
introduced a new deterministic "Bounded Multi-Source Shortest Paths" (BM-SSP) algorithm. It
reportedly improves asymptotic complexity for directed graphs with non-negative weights,
challenging the assumption that Dijkstra’s algorithm is near-optimal for general graphs.

Existing reviews are partial and fragmented, testing BM-SSP only on limited graph sets using
desktop environments [6-7]. This study aims to formulate and verify hypotheses regarding the
algorithm’s effectiveness through comprehensive benchmarks on a specialized load-testing
framework. We also provide an analysis and detailed illustrations to enhance understanding of the
BM-SSP algorithm [5]. It is important to note that we are not trying to challenge the theoretical
effectiveness of the BM-SSP algorithm, we try to understand on which graphs it is more efficient
than its analogues and in which cases it is advisable to use it.

This article is structured into five sections. Section 1 outlines the historical context, substantiates the
study’s relevance, and defines the goal: theoretical analysis and experimental verification of BM-
SSP. Section 2 systematizes deterministic approaches, including heap optimizations (Binary,
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Fibonacci, Radix), and analyzes Duan et al.’s key article. Section 3 explains the algorithm’s hybrid
nature, combining Bellman-Ford and Dijkstra ideas via recursive partitioning, detailing its divide-
and-conquer technique, FindPivots procedure, and Blocking-based heap. Section 4 formulates
assumptions about graph classes where BM-SSP should outperform classical solutions, describes
graph types and generation parameters, and presents benchmark results with conclusions. “Section
5” summarizes findings, confirms or refutes hypotheses, and outlines future optimization directions.

2. Related works

The history of shortest path algorithms begins with three fundamental methods released between
1958 and 1962: Bellman-Ford, BFS, and Floyd-Warshall. E. F. Moore’s “The Shortest Path Through
a Maze” [8] introduced BFS, the first algorithm for traversing unweighted graphs in linear time
O(V + E). While efficient, BFS cannot handle weighted directed graphs, which are critical for most
graph theory problems. To address this, R. Bellman’s “On a Routing Problem” [9] introduced the
Bellman-Ford algorithm, using dynamic programming to find paths in graphs with potentially
negative weights in O(V - E) steps, while also detecting negative cycles. However, Bellman-Ford
does not solve the All-Pairs Shortest Path (APSP) problem. For this, R. W. Floyd developed the
Floyd-Warshall algorithm in 1962 [10]. Also based on dynamic programming, it finds shortest paths
between all vertex pairs with O(V?) complexity by iteratively improving distance estimates via
intermediate vertices.

But the most fundamental and basic deterministic algorithm is Dijkstra’s algorithm, which was
published in 1959 in an article [11]. In this paper, the method opposite to dynamic programming is
used - the greedy algorithm, thanks to which Dijkstra finds the shortest paths from one vertex to all
the others in graphs with non-negative edge weights. The standard implementation of Dijkstra’s
algorithm uses an adjacency matrix, which is why the asymptotic complexity of the algorithm
reaches O(V?) and it is considered slow. In order to improve the time complexity of the standard
Dijkstra implementation, an article - “Efficient Algorithms for Shortest Paths in Sparse Networks”
by Johnson D.B. was published 18 years later. The author showed that using Binary heap (complete
binary tree that satisfies the ordering property) reduces the complexity of the algorithm from 0(V?)
(typical for implementation on an adjacency matrix or array) to O(E * log(V)), which makes the
algorithm efficient for sparse graphs. Another stronger optimization was presented in the article by
Fredman, R. E. Tarjan [12], which introduces a new data structure, the Fibonacci heap (a data
structure with amortized complexity that performs the operation of adding and decreasing a key in
0(1), and extracting the minimum in O(IOg(n))). Thanks to this structure it is possible to find
edges with the lowest weight more efficiently. This optimization helped reduce Dijkstra’s
asymptotics to O(E + V= log(V)). Later, another article [13] was released, which suggested
another optimization of Dijkstra’s algorithm. A more universal structure was introduced — the Radix
Heap (uses a bitwise organization of elements to achieve amortized complexity of O(1) for the key
reduction operation and O(log(C)) for extracting the minimum) and the range of integer weights

C, thanks to which the asymptotic can be further reduced to O(E + V= J log (C)).

A new paper [5] introduced a BM-SSP. It consists of 3 main parts. The “introduction" introduces
existing algorithms that solve the problem of objects; a review of the literature; a brief overview of
the BM-SSP. The “preliminary” sections describe the constraints that are imposed on graphs so that
the BM-SSP algorithm can most effectively solve the problem of objects. The “Main Result”
displays the shared files associated with the recursive bmssp program, the FindPivots program, and
the lock-based heap. In addition, this chapter provides an analysis of the correctness of the algorithm
and an asymptotic analysis of time complexity. At the moment, there are only two papers leading
benchmarks of the BM-SSP algorithm [6-7]. In these articles, benchmarks are conducted mainly on
randomized sparse graphs and triangular and quadratic tiling graphs.
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3. BM-SSP overview

3.1 Basis of algorithm

Before starting an overview of the new BM-SSP algorithm for solving the SSSP problem, it is worth
introducing basic definitions and concepts that underlie the theoretical basis of this algorithm. Let
us say we have a directed graph with non-negative real edges G = (V,E), where V is the set of
vertices and E is the set of edges. BM-SSP, like other deterministic algorithms solving the SSSP
problem, must find the shortest paths from some vertex s, called the source, to all other vertices of
the graph. The main result of these algorithms is an array of shortest distances dist = {d(v)|v €
V Ad(v) € R}. If the vertex v is reachable from the source s, then d(v) < inf, otherwise d(v) =
inf. It is also important to note that for algorithms for solving the SSSP problem, the key metric is
the calculated (estimated) distance to the vertex - d(v) = d(v), which is initially equal to inf and
which tends to the true distance d(v), considered unknown. Since we initially have no information
about d(v), some algorithms (for example, Dijkstra, BM-SSP) are based on an invariant, when we
can precisely determine whether we have obtained an accurate estimate of the distance to the vertex
or not. In other words, we can call the vertex complete or incomplete. By definition v € Vigmpiere ©
d(v) = d(v) andv € Vincomplete < d(v) g d(v)

To maintain an invariant in the shortest path finding algorithms, including the classical Dijkstra
algorithm and the modern BM-SSP, two important sets are conceptually distinguished. The set of
completed vertices is the kernel of U and the set of vertices under active processing is the frontier
of S. In BM-SSP notation, they are formalized as follows: U = {u € V|d(v) = d(v)}and S = {v €
V|b < d(v) < B}, where b = maxyc;d(u), and B is the upper bound of processing at this iteration
of the algorithm. The U kernel contains complete vertices; they are excluded from further relaxation.
The frontier S forms a set of vertices with intermediate estimates, which are processed and, as the
algorithm runs, pass into U. The algorithm is implicitly considered completed when |U| = V,pucn
for a given graph G. As a result, we can present the basic definitions and sets in the form of Table 1.

Table 1. Basic definitions and concepts.

Definition | Description

4 The set of all vertices of the graph G = (V, E)
E The set of all edges of the graph G = (V,E)
Vieach The set of reachable vertices from the source s
d(v) The true shortest distance from s to v
(i(v) Current distance estimate from s to v

U (Kemel) | (v |d(v) = d(v))
S (Frontier) | {v € V | b < d(v) < B}

b max,ecyd(w) - the upper limit of the kernel

B the upper bound for processing graph vertices G = (V,E)

Now that we have introduced the basic definitions and terms, we can begin to overview the BM-
SSP algorithm directly. As stated by the authors of this algorithm: “There exists a deterministic
algorithm that takes O (m * log?/3 (n)) time to solve the single source shortest path problem on
directed graphs with real non-negative edge weights”, where m = |E| — the number of edges, and
n = |V| — the number of vertices in a graph G = (V,E). The main problem that the BM-SSP
algorithm solves is the presence of the sorting barrier .Q(n * log(n)) in the most efficient
implementations of the Dijkstra algorithm, which is due to the fact that most of them use a priority
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queue and maintain the full order of the relaxed vertices in it. The authors of the BM-SSP algorithm
show that in order to effectively solve the SSSP problem, it is not necessary to maintain the full
order of vertices, it is enough to process vertices in batches in limited intervals, each time recursively
reducing the size of the frontier.

In order to solve the sorting barrier problem in practice, the BM-SSP algorithm is based on the
Divide-and-Conquer strategy. The algorithm splits the initial set V into no more than 2¢ pieces of a
similar size: V. = U; U U, U...U Uy, where any true distance is d(u;) of an element from a disjoint
set U; is less than any true distance d(uj) of an element from a disjoint set U; for i < j. As a part
of each new recursive call to the BM-SSP algorithm, it is planned to reduce the frontier S - the set
of nearest relaxed vertices, thanks to the FindPivots procedure and the Pull method of the Block-
based heap. Using these approaches together with the Block-based heap, as well as specially selected
parameters k = log/3(n) and t = log?/3(n), which regulate the depth of recursion and the
number of recursive calls, gives the BM-SSP algorithm an asymptotic gain compared to Dijkstra, as
discussed in detail in Section 3.4 of the original article [5].

3.2 Kernel and Pivots

The basis of the BM-SSP algorithm is set by Lemma 3.1 in the original paper [5]: “We are given an
integer level | € [O, w]]’ a set of vertices S of size < 2%, and an upper bound B > max,esd[x].

Suppose that for every incomplete vertex v with d(v) < B, the shortest path to v visits some
complete vertex w€S. Then we have an sub-routine BMSSP(l, B, S) (Algorithm 3) in

0 ((k x|+ %l + t) * |U|> time that outputs a new boundary B' < B and a vertex set U that contains

every vertex v with d(v) < B' and the shortest path to v visits some vertex of S. At the end of the
sub-routine, U is complete. Moreover, one of the following is true: Successful execution B' = B or
Partial execution due to large workload B' < B, and |U| = 0 (k = 2*) . In other words, it tells us
that that there exists an algorithm, asymptotically faster than Dijkstra, that solves the shortest path
problem.

For clarity, the generalized BM-SSP algorithm can be represented by the flowchart in Fig. 1.The
BMSSP procedure has two possible execution paths - recursive when [ > 0 and basic when [ = 0.
When [ = 0, the frontier consists of only one complete vertex, {x}, and the task boils down to a
modified Dijkstra algorithm, which differs from the standard one only in that it monitors the number
of vertices that have been removed from the priority queue. If the number of deleted vertices exceeds
k + 1, the algorithm terminates its work. This is necessary so that, in the basic case, the BMSSP
does not degrade asymptotically to the usual Dijkstra and has an asymptotic complexity of
O(k * log(k)). In the recursive execution of the BMSSP procedure, when [ > 0, the FindPivots
procedure is called first. It is needed in order to reduce the size of the frontier transferred to the
BMSSP, avoid working with the full set of S and, as a result, avoid the sorting barrier of
Q(n * log(n)). At the exit from FindPivtos, we get a set of "pivots", which are those vertices of the
frontier whose shortest path trees maximally cover all other vertices for the current BMSSP call
limited by the parameter B. This is a key place in the algorithm, thanks to which an asymptotic gain
is possible. After that, the algorithm initializes a specialized Block-based data structure D with the
block size parameter M = 2(-D*¢ and inserts all pivots’ estimated distances into it.

This data structure replaces the usual priority queue of Dijkstra’s algorithm so that we can efficiently
extract minimal elements without completely sorting the entire set. After that, the main while loop
of the algorithm is executed until the size of the kernel U exceeds the value of k * 2!¢ for asymptotic
reasons or until the Block-based heap is empty (the shortest distances to all vertices are found).

At the beginning of the cycle, we extract the batch of pivots with the smallest estimated distances
from the Blocking-based heap. This helps to implicitly divide our frontier into two areas - the area
of the nearest vertices and the rest, the more distant part.
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Fig. 1. Generalized scheme of the algorithm.
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The most important thing for the algorithm is the nearest vertices, since their use in deeper calls to
the BMSSP procedure will contribute to a faster increase in the kernel. The two figures (see Fig. 2
and Fig. 3) below show examples of how graph sets that differ in semantics change before and after
extracting pivots from the block heap.

Uiy S U\ S
;::1:::?::?;:&:: The current frontier The set of attainable vertices
0 ; . :
B, max,. g d(v) B d(x)

Fig. 2. The i-th iteration of the BMSSP loop, before the Pull operation.

Ui S; S\ S, 0\ s,
The kernel of the The frontier of The frontier of The set of attainable
previous iteration | nearby vertices distant vertices vertices
b -
0 " ) -
B. 1 B; max,es d(v) B (I[J.‘)

Fig. 3. The i-th iteration of the BMSSP loop, after the Pull operation.

At each i-th iteration, we have an existing set of complete vertices, the kernel, which grows both
with increasing recursion. Each new call to the BMSSP procedure adds a certain number of vertices
to our common kernel U. Based on Lemma 3.6 and Lemma 3.7 in [5], the algorithm guarantees that
it will eventually process all reachable vertices and that U will contain all vertices from V. Below is
an illustration (see Fig. 4) of what the graph’s vertex sets look like after the I — 1 level BMSSP
procedure is completed. After the new U; kernel has been attached to the U kernel, we begin to relax
all those vertices that are connected to the U; kernel (see Fig. 4). This is necessary in order to increase
the content of the Blocking-based heap, adding to it those vertices that in the future may be most
effective for subsequent calls to the BMSSP procedure. If the new relaxed distance at the vertex falls
into the segment of the nearest vertices - [Bj, B;), this means that we can put this distance in the set
K for further batch insertion. This set contains all nearest vertices, which are most advantageous to
use in subsequent BMSSP. The remaining relaxed vertices are placed individually in the area of the
Block-based heap that is designated for the farthest vertices of the frontier.

Separately, we need to consider the key procedure that contributes to the greatest performance gain
compared to Dijkstra - the FindPivots procedure, the foundations of which are laid in Lemma 3.2 in
[5]: “Suppose we are given a bound B and a set of vertices S. Suppose that for every incomplete
vertex v such that d(v) < B, the shortest path to v visits some complete vertex u € S. Denote by U
the set that contains every vertex v such that d(v) < B and the shortest path to v passes through
some vertex in S. The sub-routine FindPivots(B,S) (Algorithm 1) finds a set W € U of size
0(k|S|) and a set of pivots P € S of size at most |W|/k such that for every vertex x € U, at least
one of the following two conditions holds: 1) At the end of the sub-routine, x € W and x is complete;
2) The shortest path to x visits some complete vertexy € P”.
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In this procedure, a new set W is introduced, which is necessary to accumulate all the vertices
processed in k relaxation steps in order to divide them into two categories: those whose shortest
paths have already been found and which are excluded from further recursion, and the roots of large
subtrees (pivots), used for guaranteed size reduction the front of active vertices.

(S ——— e
BatchPrepend Insert
Uiy U s, S\ S U\ S,
=
e
S
The kernel of the The core of the | f The set of attainable
previous iteration | currenti-thiteration| ‘:"' vertices

The frontier of The frontier of
nearby vertices | distant vertices

B, B! B max, g d(v) B d(z)
Fig. 4. The i-th iteration of the BMSSP loop, after recursively calling the [ - 1 level BMSSP.

At the beginning of the procedure, the sets W and Wj, are initialized as the initial frontier, after which
a cycle is started that performs exactly k steps of Bellman-Ford relaxation. At each iteration of i,
the algorithm looks at all outgoing edges from the vertices added in the previous step W;_;. If, upon
relaxation of the edge (u, v), the new estimate of the distance d[u] + w,,, turns out to be no greater
than the current d[v] and at the same time strictly less than the boundary of B, then the vertex v is
considered achievable within the current range and is added to the set W; and the total set W. Also,
during the iteration, the algorithm checks the size of W; if W > k|S]|, the algorithm is interrupted.
This means that the number of processed vertices has grown disproportionately fast, and further
allocation of pivots will not give an asymptotic gain. Below is an illustration, shown in Fig. 5 and
Fig. 6, of how the procedure works on the graph for early exit.

If the loop has completed all k iterations, the algorithm builds a directed forest F consisting of edges
(u, v) with both ends lying in W and for which the exact relaxation condition d(v) = d(1t) + Wy,
In this forest, each tree corresponds to a part of the shortest path starting from some vertex of S. The
algorithm looks at the roots of these trees belonging to the original set S, and selects only those roots
in the set of pivots P whose size of the corresponding subtree in F is at least k vertices. Thus, only
those sources of paths that cover significant areas of the graph fall into P. The peculiarity of this
procedure is that any vertex x whose shortest path from the source passes through S and has a length
of < B, either it has already become completed and got into W, or its path necessarily passes through
some completed vertex from the selected set of pivots P.

The whole procedure is performed in time O(k * min {k|S|, U}), where U is the number of all
vertices of interest with d(v) < B whose paths pass through S. This allows the BMSSP algorithm
to significantly reduce the size of the active part of the frontier, which is the foundation for bypassing
the sorting barrier.

3.3 Block-Based Heap

The basis of the Block-based Heap data structure (see Fig. 7) is laid in Lemma 3.3 in [5]: “Given at
most N key/value pairs to be inserted, an integer parameter M, and an upper bound B on all the
values involved, there exists a data structure that supports the following operations:

Insert (v, &(v)), BatchPrepend ({(vl, &(Ul)) ) e (vk, &(vk))}) and Pull”.
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operation. The blocks within each sequence are strictly ordered in ascending order of the maximum m‘;’u’}'n';’é'iﬁfhﬁ';“
values of the elements, which allows the algorithm to find areas of the graph with the smallest current k=2 Early exit condition: [W] > kIS], so [W] > 20
estimated distances. Fig. 6. FindPivots procedure and the directed forest of Pivots.
For efficient navigation through the sequence D;, a balanced binary search tree (for example, a red-
black tree) is used, which stores the upper bounds of the values of each block. When calling Insert, Ba'a"m}' e

the algorithm finds a suitable block using a tree search in amortized time O (max (1, log (%))),

adds a new pair to the end of the linked list, and checks the block size. If the number of elements
exceeds the M limit, the Split procedure is started, which finds the median of the elements of the
current block in linear time O (M), splits the list into two new blocks of approximately equal size, e tnl;
and updates the boundary tree (see Fig. 8). Thanks to this mechanism, the number of blocks in D,
always remains proportional to O(N /M), where N is the total number of inserts.

The BatchPrepend operation is designed to quickly insert a large number of vertices whose
estimated distances are obviously less than all the current elements in the structure. If the number of
inserted elements L does not exceed M, one new block is created, which is placed at the very

BatchPrepend |

beginning of the sequence Dy. If L > M, the elements are pre-split into O(L/M) blocks by Asotol blocks for frtch Insertion A sstotthocus forsinglo insertion Bt
recursively finding the medians, which takes O(L *log(L/M )) of time. All formed blocks are added ﬁl

to the beginning of Dy, preserving the global monotonicity of the structure without the need to re-

sort existing data and without interacting with the boundary tree D;. Fig. 7 Generalized structure of Blocking-based heap
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The extraction of minimal elements is implemented by the Pull operation (see Fig. 8). The
algorithm sequentially collects block prefixes from Dy and D, until the total number of vertices
reaches M or until all blocks are exhausted. Since the interblock order is guaranteed, assembling the
desired subset takes linear time O(M). The extracted vertices are removed from the linked lists in
constant time per element, and the remaining data is used to calculate a new dividing boundary x
that satisfies the condition max(extracted) < x < min(remaining). Clearing empty blocks
in Dy is synchronized with the search tree and amortized by previous insertion operations without
adding asymptotic overhead.

To sum up, Table 2 shows the list of main operations in the interface of Blocking-based heap and
their basic time complexity.

Pull -:--: Block #1 Block #2 & & © Block #k

Block of size §° - Pull — Block #1 Block #2 s o & Block &k

Fig. 8. Pull operation in Block-based heap.
Table 2. Base operations of Block-based heap

Method Time complexity
N
Insert 0 (max {1,1og (—)})
M
N
BatchPrepend 0 (L « max {1, log (M)})
Pull o(S'D)
Split o(M)
Delete 0(1)

3.4 Implementation details

Our implementation of the BM-SSP algorithm is built upon the foundational C++ codebase available
in the repository by Liu et al. [14], which provides a reference implementation of the Duan et al.
algorithm [5]. We have adapted and integrated this core logic into our experimental framework to
ensure correctness while enabling rigorous benchmarking against Dijkstra’s and Bellman-Ford
algorithms. The implementation is written using modern C++ (C++17 / 20 standard) and relies
exclusively on the Standard Template Library (STL) for core data structures, ensuring portability
and ease of compilation across different environments. Key STL containers utilized include
std::vector for adjacency lists and distance arrays, std::unordered map and std::unordered_set for
efficient lookups in the heap management, and std::list for the Blocking-based structure of the
priority queue.

A key component of the BM-SSP algorithm is its specialized priority queue, referred to as the
Blocking-Based Heap. In our implementation, this is realized through the BlockingBasedHeap class
template. This structure organizes elements into blocks (D0 and D1) bounded by a parameter M. It
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utilizes a std::set with a custom comparator (CompareUB) to maintain upper bounds (UBs) for these
blocks, allowing for efficient O(log B) insertion and batch operations. The heap supports
BatchPrepend operations, which are crucial for the recursive nature of the BM-SSP, allowing
multiple distance updates to be processed efficiently without immediate re-balancing of the entire
structure.

To handle the selection of pivots and median calculations within the heap’s split and selectKth
methods, we implemented the Floyd-Rivest selection algorithm. This deterministic linear-time
selection algorithm is preferred over quickselect for its robustness and average-case performance,
particularly when dealing with the large vectors of distance elements generated during the pull and
batchPrepend operations.

4. Experimental evaluation

4.1 Hypotheses of BM-SSP efficiency

Based on the theoretical analysis of [5] and the developed implementation of BMSSPSolver, the
following hypotheses about the effectiveness of the algorithm can be formulated. These hypotheses
relate asymptotic properties to practical behavior on various classes of graphs. Next, we will
formulate the main hypotheses of the effectiveness of the BM-SSP algorithm in comparison with
the classical algorithms for finding shortest paths - Dijkstra and Bellman-Ford:

1. The BM-SSP algorithm can show its asymptotic superiority over the classical deterministic
algorithm only on very large graphs in which the number of vertices exceeds the value of
N-treshold (approximately > 1075). On small and medium-sized graphs, the BM-SSP
algorithm loses to its counterparts due to the high overhead associated with maintaining a
Block-based heap, which is initialized at each level of recursion and the recursion itself.

2. The BM-SSP algorithm can show performance gains when the graph has high local
connectivity (for example, k-partite graphs or randomized graphs with high density
parameter). This may be due to the fact that the key procedure of the algorithm, FindPivtos,
which breaks the Dijkstra sorting barrier, is tied to reducing the frontier to pivots, which
with their subtrees maximally cover the studied set of graph vertices. That is, the more
branchy the tree is, built from pivots, the more efficient the algorithm works. The branching
of a directed forest of pivots is directly related to the density of the graph.

3. On graphs with many cycles, BM-SSP can show superiority on Dijkstra. This hypothesis
holds because BM-SSP relaxes and maintains the order of estimated distances (frontier)
locally within each recursive call, rather than globally as in Dijkstra (in the case of a priority
queue). The presence of cycles leads to frequent re-formatting of the priority queue due to
the operations DecreaseKey and Insert, and as a result, maintaining the global order of the
relaxed vertices in the presence of cycles can seriously damage the performance of the
Dijkstra algorithm, which cannot be said about BM-SSP.

4.2 Graphs classification

For the correct choice of an algorithm for solving the problem of finding shortest paths, it is
necessary to consider various properties of the graph. Depending on its properties the effectiveness
of a particular method can vary significantly. In this paper, a four-level classification of graphs is
considered, which is based on the following criteria: structure, connectivity, cyclicity, and density.
Each of these aspects has a direct impact on the choice of approach, the asymptotic complexity, and
the practical performance of algorithms.

The testing framework is able to generate the following types of graphs depending on the parameters
passed to it:
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A graph-path (see Fig. 9) is a graph that is a linear structure in which the vertices are
arranged in a sequence, and each vertex is connected only to the previous and next. It is a
special case of a tree, specifically a list (singly linked / doubly linked). It is set by a single
integer parameter n, which is the number of nodes. A graph is created by sequentially
adding one new vertex to the last vertex until the vertex limit is reached.

A graph-cycle (see Fig. 10) is a graph consisting of a single cycle passing through all
vertices. It is defined by a single integer parameter n, which is the number of nodes, similar
to a path graph. The only difference from a graph-path is the connection of the first and last
vertices to each other.

A tree is a connected acyclic graph with exactly one path between any two vertices (see
Fig. 11). It's generated using two parameters: n (number of nodes) and branching range
(maximum degree). Two vectors track generation: current_children_count monitors each
node's children, while available_parents stores nodes below the limit. The algorithm
randomly selects a parent from available nodes, adds an edge, and updates the counter.
When a parent reaches branching range, it's removed from available parents, and the new
vertex becomes a potential parent, ensuring no vertex exceeds the branching limit.

A grid graph (triangular / square tiling, see Fig. 12 and Fig. 13) is a graph whose structure
resembles a lattice consisting of subgraphs with 3 (4) nodes, where each vertex is connected
to its neighbors horizontally and vertically. It is set by two integer parameters: integer rows
- the number of rows of subgraphs and integer cols - the number of columns of subgraphs.
The generation algorithm iterates over all (, ¢) slots, adds an edge between the current and
right vertex if there is a neighbor on the right (¢ + 1 < cols + 1), and adds an edge between
the current and bottom vertex if there is a neighbor on the bottom (r + 1 < rows + 1).

A K-partite graph (see Fig. 14) divides vertices into k disjoint sets with edges only between
different sets. It uses two parameters: partition_sizes (list of set sizes) and edge_probability
(probability of adding edges between partitions). The algorithm distributes N vertices
across k non-empty sets, then connects vertex pairs from different partitions (partition[u] #
partition[v]) with random weights. This ensures no internal triangles within partitions and
guarantees connectivity for k > 2, creating a complete k-partite structure where edge count
equals the sum of products of all partition pair sizes.

A Generalized randomized graph (see Fig. 15, Fig. 16) is defined by parameters: n (nodes),
density (connectivity), num_components, cycle_type (cyclic/acyclic), and connectivity type
(weak/strong). The algorithm distributes N vertices across components, then builds a
connected framework for each: a random spanning tree for weakly connected graphs or a
simple cycle for strongly connected ones. To achieve target density and cycle count, it pools
all valid edges (excluding loops and topological violations for acyclic graphs), partially
shuffles them using Fisher-Yates for efficient sampling, and adds the required edges with
random weights.

4.3 Experimental Environment

4.3.1 Hardware

Since we are testing algorithms for finding shortest paths not only on ordinary graphs, but also on
extremely large ones with hundreds of thousands of vertices, it is not enough for us to use the power
of conventional PCs. For these purposes, we will use a dedicated high-capacity physical server (with
a large amount of RAM) in order to conduct experiments on large graphs most efficiently. Table 3
provides the characteristics of the dedicated server that will be used in the experiments.
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Table 3. Characteristics of dedicated server.

Parameter Value
Number of CPU cores 80
Processor model Intel(R) Xeon(R) Gold 6230 CPU @ 2.10GHz
Processor architecture x86_64
RAM size 376 Gb
Disk size 520 Gb
4.3.2 Software

The testing framework is a console application written in C++ and ported to the Linux operating
system. This application is built using the Cmake and Make utilities and can be compiled using the
g++ compiler. Below is a table with the main software (application / system), thanks to which
experiments were conducted on a dedicated server (see Table 4).

As artifacts, the testing framework outputs a file containing the graph adjacency matrix so that we
can further verify the correctness of the generated graph and benchmark results. The graph visualizer
graphonline.top [15] is used as an auxiliary cloud software for the article, which takes an adjacency
matrix of a graph and renders it with vertex numbers, edge weights, and their directionality. An
online service, Google Tables, is also used to systematize and visualize the benchmarks obtained.

Table 4. System & application software.

Software type Minimal required version
Operating System CentOS Linux 7 (Core)
Build tools Cmake > 3.2 & Make >4.2.1
Compiler g+t+>83.1
Language C++ (17 standard)
Libraries STL & STD

4.3.3 Methodology

As part of the current testing, it is planned to conduct experiments on graphs of various sizes,
structures, and parameters. In order for readers to reproduce some of the experiments on various
devices (both home PCs and dedicated servers), it was decided to divide the graphs into two groups:
small graphs and large graphs. This was done so that with an increase in the number of vertices and
the density parameter (the proportion of current graph edges from the maximum number of edges),
the number of edges increases at least quadratically from the number of vertices. This means that
very large graphs may require a large amount of RAM, and most of the computer's time and
resources will be spent on generating the graph, rather than conducting the experiments themselves.
For each type of graph, the testing framework conducts experiments on the following graph sizes:

e Small graphs (the experiments are reproducible on a home PC): 70, 25, 50, 75, 100, 250,
500, 750, 1000, 2500, 5000, 7500, 10000 vertices.

e Large graphs (the experiments are reproducible only on a dedicated server): 15000, 20000,
25000, 30000, 35000, 40000, 45000, 50000, 60000, 70000, 80000, 90000, 100000 vertices.

Non-negative real numbers in the range [0.0; 1000.0] are used as edge weights for graphs. Random
edge weights are generated using the Mersenne pseudorandom number engine (std::mt19937),
initialized with a random value from std::random device. Uniform distribution
(std::uniform_real distribution) is used to assign weights, which generates real numbers in the user-
defined range [0.0; 1000.0].
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In order to ensure that deterministic shortest path algorithms can be tested as representatively as
possible, the testing framework tests graphs of various structures and parameters: graph-path,
graph-cycle, graph-tree, k-partite-graph, planar graph, chordal graph, triangle lattice graph,
square lattice graph, acyclic randomized graph with low density, acyclic randomized graph with
high density, randomized graph with low density and positive cycles, randomized graph with high
density and positive cycles.

Features of conducting benchmarks:

e 3 algorithms are measured: Dijkstra based on binary heap, Bellman-Ford and BM-SSP.
e The algorithm execution time is measured in milliseconds.

e Inthe benchmark tables, the horizontal axis shows the graph dimensions (number of nodes),
and the vertical axis shows the logarithm of the algorithm execution time.

e Each benchmark value (for a fixed algorithm, size, and graph type) is the arithmetic average
of 10 runs on variously generated graphs.

The Graphene framework uses the YAML format, which provides a description of graphs
generation. The YAML file defines a set of experiments, each of which includes a specification of
the graph generator and corresponding parameters for graphs. Examples of typical configurations,
including benchmarks of Dijkstra, Bellman-Ford, and BM-SSP algorithms on various types of
graphs, are available in the configs directory of the project repository [16].

4.4 Benchmarks and results
e Graph-path
The benchmark results (see Fig. 17, Fig.18) show that due to the simple structure of the
graph-path and the huge overhead of maintaining the block heap on each recursive call to
the bmssp procedure and the recursion itself, the BM-SSP algorithm loses to Dijkstra and
Bellman-Ford. The longer the graph-path becomes, the more BM-SSP lags behind its
competitors (especially compared to Bellman-Ford for this type of graph).
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Fig. 17. Graph-path (small sizes). Fig. 18. Graph-path (large sizes).

¢ Graph-cycle

The situation with a graph-cycle is almost similar to a path graph, since their structure is
identical, with the only difference being that the first and last vertices of the cycle graph
are closed on top of each other (see Fig. 19, Fig. 20). Because of this, we may see slightly
stronger fluctuations in the BM-SSP execution schedule, but the trend towards a
deterioration in the execution time of the BM-SSP algorithm with an increase in the number
of vertices on such simple graphs still persists (especially compared to Bellman-Ford for
this type of graph).
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e Graph-tree

When using graph-trees (see Fig. 21-24), the BM-SSP algorithm has stronger fluctuations
due to a more complex graph structure (a larger number of edges leads to a more variable
behavior of the Block-based heap). Also, on some graph sizes, it can be seen that BM-SSP
performs faster than Dijkstra, but it is impossible to conclude about its full advantage on
this type of graph, since the line graph of execution time of BM-SSP algorithm is very
volatile and it stabilizes only on super-large graphs (size from 1e5).

e K-partite graph

K-partite graphs (see Fig. 25-28) are an example of those graphs where BM-SSP shows
absolute superiority over other algorithms due to the efficient operation of the Block-based
heap on such a structure. During testing of any size of a K-partite graph, strong fluctuations
in execution time are observed, however, the larger the graph becomes, the faster BM-SSP
performs. Thus, these benchmarks fully confirm hypothesis No. 2 that BM-SSP performs
best on graphs with high local connectivity and high density.
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Fig. 19. Graph-cycle (small sizes).
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Fig. 20. Graph-cycle (large sizes).
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Fig. 21. Graph-tree
(small sizes, branching-range = size x (.2).

= Dsts = DetmanFoeg

Fig. 22. Graph-tree
(large sizes, branching-range = size x 0.2).
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Fig. 23. Graph-tree
(small sizes, branching-range = size x (.8).

Fig. 24. Graph-tree
(large sizes, branching-range = size x 0.8).
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Fig. 27. K-partite graph
(small sizes, k = size x 0.3).

Fig. 28. K-partite graph
(large sizes, k = size % (.3).

Acyclic random graph

Based on the benchmarks of acyclic graphs (see Fig. 29-32), it can be seen that BM-SSP is
most efficiently performed on dense graphs based on hypothesis No. 2, formulated earlier.
On graphs with small dimensions and the parameter density = 0.1, BM-SSP was only rarely
superior to its competitors. As the number of vertices increased, the performance of the
algorithm decreased and it was mostly inferior to Dijkstra and even Bellman-Ford.
However, the situation changes in the opposite direction with an increase in the density
parameter (up to 0.7).

Positive cycled random graph

Benchmarks on graphs with positive cycles (see Fig. 33-36) confirm that BM-SSP
efficiency depends on density and performs better on cyclic than acyclic graphs of similar
size. Random graphs with positive cycles and high density are the most favorable for BM-
SSP.

Lattice graphs (triangle / square)

Benchmarks on grid graphs (triangular and quadratic paving) confirm hypothesis No. 3 that
the number of positive cycles of a graph correlates well with the efficiency of the BM-SSP
algorithm (see Fig. 37, Fig. 38). These examples show that it has better execution time than
Dijkstra, but Bellman-Ford surpasses both options.
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(small sizes, density = 0.1, num-components = 1).
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Fig. 32. Acyclic random graph
(large sizes, density = 0.7, num-components = 1).
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Fig. 34. Positive cycled random graph (large sizes,
density = 0.1, num-components = 1)
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Fig. 37. Triangle-lattice graph Fig. 38. Square-lattice graph

5. Conclusion

To summarize, we would like to note that the latest Bounded Multi-Source Shortest Path algorithm,
having in theory a good asymptotic estimate of time complexity compared to its counterparts such
as Dijkstra or Bellman-Ford, in practice it does not always justify its theoretical superiority. On
some types of graphs that have an extreme structure (graph-path / graph-cycle/graph-tree), BM-SSP
shows worse execution time compared to other deterministic algorithms due to the huge overhead
associated with maintaining a Block-based heap and recursion. Due to the same features of the
internal structure of BM-SSP, it makes no sense to use this algorithm on small graphs (up to 10,000
nodes). More lightweight and standard algorithms are suitable for them. On the other hand, there are
many tasks in which the size of graph data reaches huge values (hundreds of thousands and millions
of nodes). For such tasks, the best choice is to use BM—SSP, since Bellman-Ford is inferior to it in
performance due to the worst asymptotic formula, which especially manifests itself on large graphs,
and Dijkstra begins to degrade in performance due to storing the global state of vertex estimates.
BM-SSP also shows its absolute superiority on some types of graphs that have a structure that is
most favorable for the operation of Block-based heap (K-partite graph, Random graph with high
density and positive cycles, triangle-lattice graph). On such graphs, the BM-SSP can be safely used,
even if the graph is small.

Particular attention should be paid to the nuances of the Block-based heap implementation, since it
plays a critical role in the asymptotic complexity of the algorithm execution time and the amount of
memory consumed. Since the original Block-based heap is a complex structure with a huge number
of hash maps, doubly linked lists and a search tree, it was decided to use a regular hash table in this
article. But it is important to keep in mind that using the original implementation of the Block-based
heap can lead to huge memory costs for maintaining this structure.

Thus, BM-SSP is not a silver bullet, thanks to which it is possible to solve the SSSP problem more
efficiently than any other deterministic algorithm. However, these theoretical breakthroughs in the
field of graph algorithms show that the generally accepted Dijkstra algorithm is not the most
efficient, and perhaps in the future new deterministic algorithms will appear that can solve the SSSP
problem more efficiently on more diverse graphs.
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