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AHnHoTanus. CoBpeMEHHbIE BBICOKOIPOM3BOJUTENbHBIC BEIYMCIUTENIBHBIC CUCTEMBI TPEOYIOT 3P HEKTUBHBIX
METOJI0B IIPEACTaBIeHUsI K 00paboTKH YHCI0BOH HH(popManyu. CHCTeMa OCTATOYHBIX KIIACCOB 00eCIeunBacT
BBICOKHII YPOBEHb Mapajuiein3Ma IpH BBIIOIHEHNH apH(METHYECKUX OIEpaLnii, OZHAKO XapaKTepH3yeTcs
BBICOKOH BBIYUCITHTEIBHON CI0KHOCTBIO 0OPATHOTO MPeoOpa3oBaHusl B MO3HIMOHHYIO CHCTEMY CUHCIICHHUS,
4TO OrpaHHYMBACT €€ MPAKTHYECKOE IPHMEHEHHe. B kauecTBe KOMIPOMUCCHOIO MOIX0a PACCMATPHUBACTCS
ruOpUHas ITO3UIMOHHO-OCTATOYHAs CHCTEMa CUHCICHHS, COYETAIoas IPeHMyINecTBa MO3HIMOHHBIX U
HEIO3UIMOHHBIX TIpeJcTaBieHuil. B pabore mnpemraraercs aaroput™ oOpaTHOro mpeoOpasoBaHus H3
rUOPUAHOI TO3UIHOHHO-0CTATOYHON CHCTEMbI CUHUCIICHHS B O3UIHOHHYIO CHCTEMY CYHCIICHHUS, OCHOBAHHbIN
Ha Npe/ICTaBICHUH YHCIIa B BU/IE B3BELIEHHON CyMMBI Pa3ps/i0B M UCIIOJIb30BaHUH IAPAJLIEIbHONW CTPYKTYPbI
BBIYHCIICHHIT, MHTEPIPETHPYEMOl Kak JIMHEHHas HeifpocereBas apXHTEKTypa HaJj KOHEYHBIM KOJIBLIOM.
TIpeu1oKeHHBIH TOAXO0A M03BOIsIeT F3QPEKTHBHO Pean30BaTh ONEPALMI0 CyMMHUPOBAHHS C HCIIOIB30BAaHHEM
napajuleNbHOW W KOHBeHepHOH o0paboTku JaHHBIX. [IpoBen€H TEOpeTHYECKHH aHAJIN3 BBIYMCIMTENIBLHOM
CIIOKHOCTH IIPEJUIOKCHHOTO QITOPUTMA, @ TAaKXe BBIIOJIHEHO OKCICPHMEHTAIBHOE CpaBHEHHE C
KJTaCCHYECKHIMH METOJAaMH 00paTHOro IpeoOpa3oBaHMs U3 CHCTEMBI OCTATOYHBIX KJIACCOB B IO3HIMOHHYIO
cucTeMy CyHCIeHHs. IlomydeHHbIe pe3ysibTaThl MOKA3BIBAIOT, YTO MPEATOXKCHHBIH METOZ obecrednBacT
3HAYUTEIIBHOE COKPAIICHUE BPEMECHU BBIIIOJIHEHUS 3a CYéT YMEHBIICHUS KOJIUYCCTBA onepaum‘/i HaJ yrucjiiaMu
GosbLION paspsHOCTH U 3((EKTHBHOIO UCIONB30BAHMS Iapauiein3ma. [IpeIoxKeHHBIA 0X0/] MOXET
OBITH HCIIONIB30BAaH IPH pa3pabOTKE almapaTHeIX M MPOrPaMMHBIX DEIICHWH i 3ajad Kpumrorpadu,
1(poBoii 06pabOTKM CHrHAIOB, BHICOKOIPON3BOAUTENBHBIX 1 BBICOKOTOUHBIX BHIYUCICHHUH.

KumroueBble c10Ba: cricreMa OCTaTOUHBIX KJIaCCOB; m6p1/mHa51 TO3UIIMOHHO-0CTAaTOYHAasA CUCTEMA CUHUCIICHUS,
BBICOKOIIPOU3BOAUTEIbHBIE BIMHUCIICHHUSA, 06paTHOe npeoGpa30BaHHe.

Jst uutupoBanus: I'eprorosa A.D., Jlynenko B.B., Cunuibia A.A. Anroput™ o0paTHOTO Npeodpa3oBaHus
13 THOPUIHOW MMO3UIMOHHO-0CTaTOYHOU cucteMbl cuncienus. Tpyast UCIT PAH, tom 38, Bbim. 5, 2026 r.,
ctp. 7-20 (na arrmmiickoM si3bike). DOL: 10.15514/ISPRAS-2026-38(5)-1.

Baaroaapnoctu. VccnenoBanue BbINOIHEHO pH noanepxkke Poceuiickoro HayuHoro ¢oHna, npoext Ne 25-
71-30007.

1. Introduction

Modern computing systems, digital signal processing, and cryptography fundamentally rely on
methods of representing numerical information. Number systems are generally divided into two
fundamental classes: positional and non-positional. The most widespread in modern technologies
are positional b-ary number systems, in particular binary and decimal, due to their uniformity and
the simplicity of algorithms for performing arithmetic operations. However, they have several
limitations, such as the propagation of carries during addition and multiplication, which restricts
speed in high-performance computing [1].

Non-positional number systems, in which the quantitative value of a digit does not depend on its
position in the representation of a number, are structured differently. One of the most common
among these is the residue number system (RNS) [2, 3], in which a number is represented by a set
of residues from division by pairwise coprime moduli. This system offers several advantages,
8
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including high computational speed, the absence of inter-digit carries, and increased energy
efficiency. Operations such as addition, subtraction, and multiplication are performed in parallel and
independently for each modulo.

However, a drawback of RNS is the complexity of reverse conversion, i.e., converting a number
from its residue representation back to a positional number system (PNS). This is a key problem for
so-called non-modular operations such as number comparison [4], sign determination [5], division
[6], and overflow detection [7], which require knowledge of the positional representation of the
number. Classical reverse conversion methods based on the Chinese Remainder Theorem (CRT) or
orthogonal bases [8] are computationally complex and negate the speed gain achieved through
parallelism in elementary operations.

As an alternative to reduce the computational complexity of non-modular operations in RNS, a new
number system has been proposed — the hybrid positional-residue number system (HPR) [9],
designed for representing large integers and elements of a prime field (IF,,). The HPR is based on a
synthesis of a positional representation with a mixed radix and RNS digits. This approach can be
seen as a compromise between the classical positional number system and RNS. The proposed
hybrid system retains internal parallelism in performing addition, subtraction, and multiplication,
although this characteristic is somewhat lower than in RNS. At the same time, the presence of
positional information in the data representation structure significantly enhances the efficiency of
performing non-modular operations, residue calculation, and modular multiplication compared to
RNS.

The aim of this study is to develop and analyze a reverse conversion algorithm from the HPR to a
positional number system that would minimize the computational cost of this operation and thereby
enhance the overall practical applicability of the hybrid system.

To achieve this aim, the following objectives are addressed:

1. To analyze classical reverse conversion methods from RNS to PNS and evaluate their
computational complexity.

2. To develop a reverse conversion algorithm from the HPR using a finite ring neural network.

3. To perform a theoretical evaluation of the computational complexity of the proposed
algorithm.

4. To conduct an experimental performance analysis (software implementation and testing)
of the developed method in comparison with algorithms for RNS and analyze the obtained
results.

The paper is structured as follows: Section 2 discusses the residue number system and the hybrid
positional-residue number system. Section 3 examines reverse conversion methods from RNS.
Then, Section 4 proposes a reverse conversion algorithm from the HPR. Section 5 presents a
performance analysis of the proposed methods through computational complexity estimation and
software implementation. The conclusion summarizes the obtained results.

2. Mathematical Foundations

2.1 Residue Number System

Definition 1. A basis of the residue number system is a set of moduli {p;,p3, ..., Pn}, Where each
modulo p; = 2 (i = 1,2,...,n) and ged(pip;) =1 for i # j. Here and hereafter, gcd
denotes the greatest common divisor. By convention, the moduli are ordered in increasing order:
P1, P2+ Pn-

Definition 2. The product of the moduli P = []i-; p; is called the dynamic range of the RNS.
Definition 3. An integer X € [0, P) is represented as an n-dimensional vector of least non-negative
residues: X = (xy, x5, ..., %), where x; = X modp; denoted as x; = |X| p,.
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Consider an RNS with the basis {5,9, 11}. The dynamic range is P = 5 X 9 X 11 = 495. Numbers
in the interval [0, 495) are represented uniquely.

Table 1. Results for different diode insertion strategies.

RNS RNS RNS
0_)(0,0,0) 1_)(1, 1, 1) 2—> (2,2,2) 3512.(3’3' 3) 4R_N§(4,4'4)

RNS RNS RNS
5—)(0, 5, 5) 6—)(1, 6, 6) 7 — (2, 7, 7) 8512 (3,8, 8) 9%(4' 0' 9)

RNS RNS RNS RNS RNS
050,110 | 15120 | 125@3D | 13™ 332 | 14%54,43)

RNS RNS RNS RNS RNS

RNS RNS RNS RNS RNS
205029 | 21750310 | 275040 | 3™ a5y | 24462

The RNS has a characteristic feature — the ability to perform addition, subtraction, and multiplication
operations in parallel and independently for each modulo. For numbers X = (x4, x,,...,x,)andY =
(1, Y2, -, ¥n), operations are performed in parallel for each modulo:

(xlrxlr '"'xn) ° (yll Y2, '"Jyn) = (lxl ° yllplf |X2 ° y2|sz R |xk ° yklpn)r (1)
where o € {+,-,x}.
Example 1. Addition of X = 5 and Y = 18 in the basis {5,9,11}. From Table 1: X = (0,5,5),Y =
(3,0,7)
X+Y=(0+3]515+0]o |5+ 7]11) = (3,5,1).\\The result corresponds to the decimal number
23.

This example clearly demonstrates the advantages of modular arithmetic. The considered dynamic
range allows working with numbers up to 4 bits. However, the moduli themselves require only 3
bits for encoding, which enables parallel computations with a smaller bit width for each modulo.
This property is particularly valuable in cryptography: instead of processing 2048-bit numbers, as
in modern encryption algorithms, one can use 33 parallel RNS channels with 32-bit moduli [10, 11].

2.2 Hybrid Positional-Residue Number System

In this section, we define the HPR and describe its properties. The main idea is to create a
representation that combines the advantages of the residue number system and the standard
positional number system. On the one hand, RNS is efficient for multiplication operations but
inefficient for determining the sign of a number, comparing numbers, division, and overflow
detection. On the other hand, the positional number system allows faster comparisons, but
multiplication in it is more costly.

Definition 4. Let two mutually coprime RNS bases B, and B, be given, whose moduli are chosen
such that they are pairwise coprime, ensuring the correct operation of the RNS, including the unique
representation of numbers within a given range. Together with P, = H?:“O_ ' Pa,i> adegree d € N*, as
well as i and Sy € R such that S0 — Binin = 1 and Ly + Binin = 0. An integer X is
represented in the HPR with parameters (B, By, Bmin> Bmax) I @ positional system with a high
radix P, as:

Xupr = ((Xa-1)abs ++» (Xo)ap) uprs 2
where the digits (X;)5, represented in RNS, satisfy the condition:
d-1
X= Z X,PL, 3)
=0

with ﬁminPa = Xi = ﬁmaxpw
10
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Fig. 1 illustrates the behavior of basic operations in HPR compared to standard positional systems
and RNS. The positional system (top part) has limited internal parallelism due to carries but provides
precise magnitude information. RNS (bottom part) exhibits high parallelism, but its non-positional
nature complicates comparisons. HPR (middle part) represents a compromise between these two
approaches, preserving parallelism at the digit level while providing coarse magnitude information.

Positional Arithmetic

Positional

‘ Positional Arithmetic ‘

| BNS ¥ BNS ¥ RNS |
e e e e e
B, By B, By B, By

RNS Arithmetic

~

Ba Bb

Fig. 1. HPR is considered as a compromise between positional representation and RNS representation.

HPR can be redundant if S,0x — Bmin > 1, and supports negative digits when S, < 0. HPR
generalizes both RNS and positional systems. For example, when d = 1, Bin = 0, and S0 = 1,
HPR coincides with standard RNS. If B, = (2%) and n;, = 0, HPR becomes a standard positional
system with radix 2".

Example 5. In HPR, represent the number X = 200 with bases B, = {3,5}, B, = {7,11}. The
number of HPR digits is d = 2, Bpin = 0, Bimax = 3. First, we split into digits with radix P, = 15:
X =13-15* +5-15°

We obtain the digits: X; = 13,X, = 5.
We represent each digit in RNS:
@3e, = (113]3,[13]5) = (1,3),
BL3E, = (113]7, |13]11) = (6,2),
= (1515, 1515) = (2,0),
B8 = (I517,15111) = (5,5).
According to formula (2), the number X is converted to HPR:
Xupr = ((1,3,6,2), (2,0,5,5)).

Thus, the number X in HPR equals ((1,3,6,2), (2,0,5,5)).
In HPR, operations are performed at two levels: the digit level — using standard positional
algorithms, and the residue level — applying RNS algorithms (within digits).

11
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Addition and Subtraction: At the residue level, operations are performed in parallel across all moduli
(Xaip = (ai)ap T (bi)app- If the value of digit x; exceeds P,, a carry is required, which is handled
using redundancy (e.g., as in multi-precision libraries).
Multiplication: At the digit level, any multiplication algorithms can be used — schoolbook,
Karatsuba, etc. When multiplying two digits (X;)aip = (@i)ap X (b;)ap, it is necessary to extract the
"high part" of X;, which in RNS requires computing X; via CRT and dividing by P,:

Xi=QiF + Ri. €]
The remainder R; is kept, while the quotient Q; is carried over to the next digit X; + 1.

3. Reverse Conversion Methods from RNS to PNS

3.1 Chinese Remainder Theorem

The classical method for recovering the integer value of a number from its residues, obtained from
the constructive proof of the CRT [12], consists of computing the b-ary sum modulo P:
n

X = , 5)

ZPi|xiWi|pi
=

P
P _ C .

where P; = p and the values w; = |P; 1|pi are known as multiplicative (modular) inverses of P;
13

modulo p;, satisfying w;P; = 1 mod p;. Itis easy toseethat 1 <w; < p;.
Problems in implementing (5) arise due to the need for a labor-intensive final reduction modulo the
large modulo P, i.e., finding the remainder of the computed sum upon division by P, especially when
P consists of several hundred bits. Therefore, ongoing research is mainly devoted to developing
algorithms that eliminate reduction modulo P from the computation process.
To illustrate reverse conversion using CRT, let us consider the following Example 6.
Example 6. In an RNS with the basis {5, 9, 11}recover the number X = (3,5, 1). First, we find P;:

P P P

Py =—=099; P, =—=55; P; =— =45.

P1 D2 P3

Next, we find the values w;:

wy =4 wy, =1 wy =1
Then, using (5), we obtain:
X=199-|3-4|5+55|5-1|g+45-|1"-1|11|s05 = 518|495 = 23.
Thus X = (3,5,1) = 23.

3.2 Mixed-Radix Conversion

Another classical reverse conversion method does not require modular reduction and expresses the
number X in the form:

X=x Wy +x Wot...+%, - Wy, (6)
where Wy, W,, ..., W, are the bases of the mixed-radix system:
w, =1,
W, =ps,
W3 = p1pa, ™
Wy = p1P2 - P

The uniqueness of representation (6) is guaranteed for all integers in the interval [0, P — 1], which
indicates a high degree of similarity between RNS and the mixed-radix system, both of which are
based on the same set of modulo bases.

12
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The main problem of this method is converting a number from RNS to the mixed-radix system, i.e.,
computing the digits X, x5, ..., X,. For a given number X = (X, x;,...,%,), the classical MRC
algorithm [13] sequentially computes all digits of the mixed-radix representation, starting from the
least significant:

X1 = Xy,
Xz = |(x2 = X1)C12lp,
X3 = |((x3 —X1)Cy3 — x_z)Cz3|p3, (8)
T = |(Cor Gn = Tt = F2)C2n = -~ Fnt)Cnotal,, -

n(nz_ Y subtractions and the same
number of multiplications. An improved algorithm proposed in [14] reduces the number of
multiplications to n — 2. However, it introduces additional constraints on the choice of RNS moduli,

since the condition |Pl-_1 |p1 = 1musthold foralli = 1,2,...,n.

Computing (7) requires arithmetic operations modulo p, namely

Although each subsequent digit X, + 1 depends on the previous digit x,, process (6) can be partially
parallelized (pipelined) [12], as shown in Algorithm 2. In this algorithm, k is the stream index, and
v is an array in shared memory accessible to all n streams. It should be noted that synchronization
may be required at the end of each loop iteration to eliminate data races.

To illustrate reverse conversion using mixed-radix conversion, let us consider the following
Example 7.

Example 7. Continuing with the modulo set {5,9, 11} and the number X = (3,5, 1), we find the
mixed-radix bases W;:

Wy =1, W, =5; Wz =45.
Next, let us calculate the mixed-radix digits:
G =35 =(5-3)2 = 4l =4 % = |((1-3)9 - 4)5] , = 110];; = 0.
Then, according to (6), we have:
X=3-1+4-5+0-45=23.
Hence X = (3,5,1) = 23.

3.3 New Chinese Remainder Theorem I

In [15], an original reverse conversion method called New CRT II was proposed, which is based on
the divide-and-conquer principle. Let X = (x1,x5,...,x,) and t = EJ The binary value of X is
proposed to be computed as follows:

X =X, + |ko(X, — X2)|1‘>}ﬁ;’ 9
where X, is the integer corresponding to the residues (xq,X;,...,x;) with respect to the moduli
{p1, 02 ..., v} with dynamic range P; = p; - p, ... p;. Similarly, X, is the integer corresponding
to the residue vector (X¢4q, X¢42,..., %) With respect to the set {psi1, D42, ---, Pn} With dynamic
range f’; = D41 Pe4z - DPn. The constant ky = |P2_1|p; is the multiplicative inverse of P,
modulo P;.

The integers X; and X; are in turn computed by applying (9) with the partitioning of the ranges I
and P, into corresponding subranges of half the length, and so on. The recursive partitioning

continues until each set of moduli contains only two elements. Thus, reverse conversion is performed
in log, n steps with the possibility of parallelizing computations at each step. The maximum

operation size is reduced from P to +/P.

Based on New CRT II, efficient reverse converters have been developed for arbitrary modulo sets
[16], as well as for sets of the form {2" —1,2" +1,22" —2,22"*1 3} [17] and
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{2n —1,2™,2" + 1,221 — 1} [18]. Furthermore, this technique has recently been used to detect
corrupted information in an optimized RNS-based blockchain data storage mechanism [19].
To illustrate reverse conversion using the New Chinese Remainder Theorem, let us consider the
following Example 8.
Example 8. In an RNS with the basis {5,9, 11}, recover the number X = (3,5,1) considered in
Example 4. First, we find B:

~ﬁ1 =p1= 5r

Py =p; p3 =99.
Determine the constant Ko:

ko =197"s = 4.
Then, according to (9), we have:

X =23+ 143 —23)|s99 = 23 + 0 = 23.

Thus X = (3,5,1) = 23.

3.4 Approximate Chinese Remainder Theorem

In [21], the use of the residue number system for representing floating-point numbers is proposed.
To obtain this result, we divide (6) by P:

X

P,

14

n .
i=1Xa

= Xt Xe  kils (10)
1
P,

The values k; = are constants of the chosen system, and equation (10) yields a result in the

interval [0, 1). In thislcontext, the process of determining the remainder modulo the large modulus

is replaced by simply discarding the integer part, which is a straightforward operation to implement.

To obtain the exact value, the fractional part is multiplied by P.

To illustrate reverse conversion using the approximate method, consider the following Example 9.

Example 9. Given the modulus set {5,9,11} and the number X = (3, 5, 1). We find the constants k;:
4 1 1

kl =§, kz =§, k3 ZH-
Then, using formula (10), we easily find:
X 3 4+5 1+1 1 (1508 323 23
P 5 9 111, 14951, |7 495], — 495

then
X =(3,51) =23.
Thus, X = (3,5,1) = 23.

4. Reverse Conversion Algorithm from HPR to PNS

Using the digits X; in positional form that satisfy the condition B, Py < X; < Biax P together with
formula (3), the number X in the standard positional number system is computed as the weighted
sum X = Y%L X; P! Thus, the reverse conversion problem at this stage reduces solely to evaluating
this polynomial, which represents a conventional arithmetic multiply-accumulate operation.
However, for large values of d and P,, direct sequential computation of the sum can be
computationally expensive, especially when a hardware implementation with high throughput is
required. To perform this operation efficiently, we propose using a finite ring neural network.

The finite ring neural network, proposed by Zhang [21], enables the computation of the weighted
sum in a parallel and pipelined manner. The network architecture is organized as follows: each input
neuron takes the digit X; and scales it by the corresponding weight coefficient P}. Unlike traditional

14
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neural networks, where weights are adjusted during training, in this case the weights P} are
deterministic constants determined by the radix of the hybrid system. Neurons in the second layer
perform pairwise summation of the weighted values, and the output neuron yields the final result X.
The use of a neural network interpretation in this case is structural in nature and allows describing
the computational process in terms of layers and connections, which is convenient for designing
hardware implementations. At the same time, the proposed approach is essentially a special case of
a linear neural network without nonlinear activation functions.

Owing to the absence of feedback connections and the linear nature of the transformation, the
network computes the sum in a single clock cycle, provided that all d neurons in the first layer
operate in parallel. In this case, the bit width of the intermediate sums must be sufficient to represent
the maximum value of X, which does not exceed P = P&. This approach fully preserves the
parallelism advantages for which the hybrid positional-residue number system was developed and
allows reverse conversion to be performed in minimal time.

Algorithm 1 formalizes the described computation, and Fig. 2 illustrates the architecture of the finite
ring neural network that implements the summation for the case where all digits X; are already
known.

Input: ((Xq-1)aips - {Xodaw)upr » {P1. P2y - Pn} A, B
Output: X

1. sum= 0

2. fori =0tod — 1 do:

2.1. sum = sum+X;- P}

3. return X = sum

Algorithm 1. Reverse Conversion from HPR to PNS Using a Finite Ring Neural Network.

Inputs Weights

X —y Adder i

Output

Na-1

Fig. 2. Representation of reverse conversion in HPR based on a finite ring neural network.

In the case where the digits X; are unknown, the reverse conversion of a number from HPR to the
positional number system is performed in two stages. For each digit BX;B,, =
(xi,l, e X Xing 410 o0 xi,na+nb), one of the standard reverse conversion methods for RNS can be
applied, for example CRT:
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Zna+nb

X = |55 ey - Painl,, - Pa| (1

Pq

Palp

where Pg, = Py - Py, Popp j =

After recovering all digits X;, the number X is computed using (3). If the HPR employs redundancy
(e.g., Bmax)» digit normalization may be required before conversion. Furthermore, for large d and
n, computations are optimized through parallel application of the approximate CRT and fast
multiplication algorithms (e.g., the Karatsuba method).

To illustrate reverse conversion in HPR, consider the following example.

Example 10. Given the basis system B, = {3,5},B, = {7,11} and the HPR number Xpp =
((1,3,6,2), (2,0,5,5)). The number of HPR digits is d = 2, Bin = 0, Bmax = 3. The dynamic range
is P, = 45. We recover the digits using formula (15):

(L3)=15-11"2]3+ 313" 2|s|y5 = EL3E,
(6,2) =11-16-2]; +7 |2 8|11]77 = AL3G,
(20)=15-12-2]3+ 3]0 2|5|;5 = BB,
(55)=111-|5-2]; + 715+ 8|11|77 = BB,

Assembling the number using (3):

X =13-15+5-15% = 200.
Therefore X = (3,5) = 200.

In the case where the digits X; are unknown, the application of a finite ring neural network is also
possible. However, in the subsequent performance analysis of the algorithms, we assume knowledge
of the digits X;, since otherwise the advantages of HPR are effectively nullified in comparison to
RNS.

5. Performance Analysis

5.1 Asymptotic Computational Complexity Analysis

This section presents an evaluation of the time efficiency of reverse conversion algorithms from
RNS to PNS and the reverse conversion algorithm from HPR to PNS based on a finite ring neural
network. Two approaches are used for the analysis: asymptotic complexity and experimental
evaluation of time efficiency with increasing input data size.

To properly compare the efficiency of reverse conversion methods, we introduce the following
notation. Let n be the number of modular bases (channels) in the residue number system, m be the
maximum modulus value in the basis (characterizing the bit width of processing), and d be the
number of digits in the hybrid positional-residue number system representation.

Table 2 presents complexity estimates for the five considered methods: classical CRT, Mixed-Radix
Conversion (MRC), New CRT II (NCRT), Approximate CRT (ACRT), and the proposed HPR-
based method.

The performed asymptotic complexity evaluation allows us to draw the following conclusions. The
MRC method exhibits a quadratic dependence on the number of moduli, O(n? - log? m), which
makes it unsuitable for high-performance systems with a large number of channels. Methods based
on CRT and ACRT demonstrate a linear dependence on n and a polylogarithmic dependence on m,
providing acceptable performance for a wide range of problems. NCRT, owing to its divide-and-
conquer recursive scheme, reduces the dependence on n to logarithmic while retaining a quadratic
dependence on log m.
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Table 2. Complexity evaluation of reverse conversion methods.

Method Operations Complexity Estimate | Overall Complexity

CRT Multiplication O(n-logm) O(n- log?m)
Addition O(log nm)
Modulo division O(log nm - log m)

MRC Multiplication 0(n?-log*m) o2 -log?m)
Addition 0(n?-log m)
Recursion O(log n)

NCRT Multiplication O(log®>m - log n) 0(log*m -logn)
Addition O(logm - log n)
Modulo division O(log m)

ACRT Division 0(1) 0 - log? m)
Multiplication 0o(n-log?m)
Addition O(n-logm)
Multiplication 0(d)

HPR Addition 0(d) 0(d - log d)
Exponentiation 0(d - logd)

The best asymptotic efficiency is demonstrated by the reverse conversion method based on HPR. Its
complexity O(d - log d) depends solely on the number of digits d in the hybrid representation and
is independent of the number of modular channels n. Under the condition that d < n (which is
typical for representing large numbers), this method provides a significant performance gain
compared to classical RNS conversion algorithms. Thus, the application of HPR followed by reverse
conversion based on a finite ring neural network enables efficient scaling of the computing system
as the bit width of the processed data increases.

5.2 Experimental Performance Evaluation

To validate the theoretical findings presented in Section 5.1, we conduct a comparative analysis of
the reverse conversion algorithms described in Sections 3 and 4. The goal of the experiment is to
identify the most efficient method in terms of time costs under various input parameters.

All algorithms are implemented in the Python programming language. The experiments are
conducted on the Windows 10 Home Edition operating system running on a computer with the
following specifications: 11th Gen Intel(R) Core(TM) i5-11300H @ 3.11 GHz processor, 8 GB
DDR4 RAM at 1196 MHz, and a 512 GB SSD.

The experimental design is as follows. For reverse conversion methods from RNS to PNS, five
modulo sets are used, with the number of bases ranging from 8 to 32 and the dynamic range bit
width ranging from 128 to 1024 bits. For the reverse conversion method based on HPR, five sets are
also used; however, the number of moduli in these sets ranges from 2 to 4 with the same output
number bit width. The number of digits d is equal to 2 in all experiments.

To obtain reliable results, ten thousand iterations are performed for each method and each modulus
set, minimizing measurement error. The CRT method is implemented using the built-in cr¢ function
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from the SymPy library. The remaining algorithms are implemented manually. The obtained results
are summarized in Table 3; execution times are given in microseconds.

Table 3. Execution time of reverse conversion methods for different numbers of moduli and different dynamic
range bit widths (us).

Bit width Reverse conversion time
Method n R -
(bits) Max Mean Min
8 128 35.4 13.4918 12.8
12 256 44.0 18.9534 18.1
CRT 16 512 78.8 31.5677 297
20 768 94.6 40.7049 388
32 1024 114.5 63.9214 61.0
8 128 78.4 16.1222 154
12 256 116.2001 28.9054 275
MRC 16 512 167.9 62.1103 58.3
20 768 2475 109.1785 101.3
32 1024 463.0 162.0373 150.5
8 128 132.7 63.671 60.0
12 256 382.0 156.9521 152.4
NCRT 16 512 703.5 327.7717 316.0
20 768 1158.7 568.9794 554.4
32 1024 1941.5 948.9353 921.9
8 128 264 13.7 6.9
12 256 525 13.8 6.7
ACRT 16 512 87.3 14.0 6.7
20 768 1332 14.5 6.5
32 1024 192.1 16.0 6.6
4 128 36.9 0.9 0.5
4 256 38.7 1.7 1.4
HPR 4 512 348 1.6 1.1
8 768 477 1.9 12
8 1024 48.1 2.1 12

Analysis of the obtained data allows us to make the following observations. The MRC method
exhibits the highest time costs, especially as the number of moduli n increases, which is consistent
with its quadratic asymptotic complexity. NCRT, despite its recursive scheme, also shows relatively
high execution time, lagging behind classical CRT.

CRT-based and ACRT show comparable results for small n; however, ACRT advantageously
demonstrates stable average execution time (13.7-16.0 ps) regardless of increasing bit width.

The best results across all experimental scenarios are demonstrated by the HPR-based reverse
conversion method. The average conversion time for this method ranges from 0.9 to 2.1 us
depending on bit width and number of moduli, with an overall average of 1.64 ps.

Quantitative comparison shows that the HPR method outperforms ACRT by an average of 88.6%
and classical CRT by 95.1%. This significant gain is explained by the fact that in HPR, the main
computational cost is shifted to the digit recovery stage X;, which, under the assumption of known
digits (as in the conducted experiment), reduces to linear summation, whereas classical methods
require modular operations on large numbers.

Thus, the experimental results fully confirm the theoretical conclusions of Section 5.1 and
demonstrate the high efficiency of the proposed approach for practical applications requiring fast
reverse conversion from modular to positional representation.
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5. Conclusion

In this paper, a reverse conversion algorithm from the HPR to the positional number system has
been proposed and investigated. The main idea of the method consists of representing the conversion
process as a weighted sum of HPR digits and implementing this operation using a structure based
on a finite ring neural network, which enables efficient parallelization of computations.

A comparative analysis of the proposed approach with classical reverse conversion methods from
the residue number system has been performed, including the CRT, MRC, NCRT and ACRT. The
theoretical evaluation has shown that the computational complexity of the proposed method is
determined by the number of digits in the hybrid representation and does not directly depend on the
number of moduli, which provides better scalability when operating with large bit-width numbers.
The results of the experimental study confirm the efficiency of the proposed algorithm. It has been
shown that the HPR-based method demonstrates lower execution time compared to classical reverse
conversion algorithms from RNS to PNS under the considered conditions. The achieved gain is due
to the reduction in the number of resource-intensive operations on large numbers and the possibility
of parallel summation.

Nevertheless, it should be noted that the efficiency of the proposed approach largely depends on the
method of obtaining the HPR digits. If their recovery is required, additional computational costs
may affect the overall performance of the method.

Future research will be directed toward the application of HPR for high-precision computing.
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