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Аннотация. Мы представляем алгоритм унификации рациональных термов первого порядка, 
формально верифицированный в системе автоматической проверки доказательств Rocq. Алгоритм 
основан на подходе Мартелли и Росси, но переформулирован для удобства практической реализации. 
В работе описаны основные понятия, связанные с рациональными термами, системами уравнений как 
промежуточным состоянием работы алгоритма, и сам алгоритм, а также доказательства их основных 
свойств. Все утверждения из текста формально верифицированы в Rocq без использования 
дополнительных аксиом. Для определения отношения наибольшей бисимуляции на коиндуктивных 
типах в Rocq используется подход, основанный на индукции, позволяющий избежать проблем с 
проверкой продуктивности. Из реализации алгоритма в Rocq автоматически получена программа на 
Haskell. Это первая работа, предлагающая формально верифицированную спецификацию для 
алгоритма унификации рациональных термов. 
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языке). DOI: 10.15514/ISPRAS–2026–38(6)0–2. 

1. Introduction 
First-order unification is a fundamental operation in many areas of computer science, including 
automated theorem proving, logic programming (e.g., in Prolog) and type inference. Typically, 
unification is studied for finite (Herbrand) terms built from variables and constructors. However, in 
some cases (such as recursive data types, lazy data structures, infinite streams, cyclic term graphs, 
etc.) the unification of infinite terms is desirable. Of particular interest are rational terms, which are 
infinite terms that have only finitely many distinct subterms [1]. 
Our research is motivated by the application of relational programming to the problem of type 
systems implementation. Relational programming [2-3] is a branch of logic programming studying 
the implementation techniques and applications of pure declarative relational specifications. Such 
specifications enjoy a nice property: they provide sound results regardless the “direction” they are 
queried in. For example, a single type system description can be used for type checking, type 
inhabitation test, and type inference [4]. However, being implemented in a conventional relational 
language equipped with first-order unification of Herbrand terms a type system specification would 
be incapable of dealing with recursive types, which we consider a fatal setback. Extending 
unification to support rational terms would fix this deficiency once and for all since recursive types 
are rational terms. 
Although unification of rational terms is a well-studied area, the reuse of existing approaches in 
relational settings requires reiteration. In relational programming a distinctive search strategy – 
interleaving search [5] – is employed (in contrast with Prolog, where depth-first search is 
conventionalized). This search strategy utilizes quite a different persistent/immutable interior data 
structures in order to make it possible to switch between different search tree branches with no 
performance penalty. At the same time the only used in practice [6-7] Huet’s algorithm [8] for 
rational terms unification, while showing brilliant results in many applications, doesn’t work well 
with a truly persistent intermediate state representation. Additionally, the correctness properties 



Доморацкий Э.А., Булычев Д.Ю. Формальная верификация алгоритма унификации рациональных термов. Труды ИСП РАН, 2026, 
том 38, вып. 6, часть 1, с. 23-40. 

25 

(soundness and completeness) of existing algorithms were never certified using proof automation 
tools. 
In this work we study an algorithm by Martelli and Rossi [9] which explores an interesting approach 
to avoid infinite looping by reducing the size of equation system. We reformulate the algorithm in 
convenient terms to be used in practice and make a certified implementation with the aid of the Rocq 
proof assistant in purely intuitionistic logic. From this implementation a correct-by-construction 
Haskell or OCaml program can be automatically extracted by Rocq. 
The paper is organized as follows. In Section 2 we introduce rational terms, variable substitutions, 
and prove their main properties. In Section 3 we introduce equation systems as an intermediate state 
of our algorithm, the algorithm itself, and prove its correctness and termination properties. In Section 
4 we briefly describe the differences between the presented text and the Rocq implementation. In 
Section 5 we discuss related work; Section 6 concludes. 

2. Rational Terms 
In this section we introduce the notions of rational terms and substitutions, and discuss their 
properties. 
First, we define the set of variables 𝑥,  𝑦,  𝑧 ∈ 𝕍 and the set of function symbols (named 
“constructors”) 𝑓,𝑔, ℎ ∈ ℂ as countably infinite sets. Also, we assume there is a function 𝑎𝑟𝑖𝑡𝑦 ∶ℂ → ℕ which determines the arities of constructors and denote constructors as 𝑓௡ where 𝑓 ∈ ℂ is a 
constructor and 𝑛 = 𝑎𝑟𝑖𝑡𝑦ሺ𝑓ሻ is its arity. In the examples we omit the explicit arity specification 
since it can be easily reconstructed. 

2.1 Syntax 
In order to define terms and infinite terms we first define an endofunctor 𝐹 ∶ Set → Set: 𝐹ሺ𝑋ሻ = 𝕍 ∪ ሼ𝑓௡ሺ𝑡ଵ, … , 𝑡௡ሻ ∣ 𝑓௡ ∈ ℂ, 𝑡௜ ∈ 𝑋 ሽ. 
We define the set of terms 𝑇 as the least fixed point of 𝐹: 𝑇 = 𝜇𝐹. It corresponds to the following 
syntactic definition: 𝑇 ::= 𝕍 ∣ ℂ௡ሺ𝑇ଵ, … ,𝑇௡ሻ. 
On the other hand, we define the set of (possibly) infinite terms 𝑇ஶ as the greatest [10] fixed point 
of 𝐹: 𝑇ஶ = 𝜈𝐹. As a result, 𝑇 consists of all finite Herbrand trees and 𝑇ஶ consists of all possibly 
infinite Herbrand trees, thus 𝑇 ⊂ 𝑇ஶ. 
We define the set of subterms of a term, 𝑠𝑢𝑏𝑡𝑒𝑟𝑚𝑠 ∶ 𝑇ஶ → 2்ಮ, in a conventional way inductively: 

• 𝑡 ∈ 𝑠𝑢𝑏𝑡𝑒𝑟𝑚𝑠ሺ𝑡ሻ; 
• 𝑡 ∈ 𝑠𝑢𝑏𝑡𝑒𝑟𝑚𝑠ሺ𝑡௜ሻ ⟹ 𝑡 ∈ 𝑠𝑢𝑏𝑡𝑒𝑟𝑚𝑠ሺ𝑓௡(… , 𝑡௜ , … )). 

We say that possibly infinite term 𝑡 ∈ 𝑇ஶ is rational iff the set of its subterms is finite1 [1]. Now we 
can define the set of rational terms: 𝑇ோ = {𝑡 ∈ 𝑇ஶ ∣ 𝑠𝑢𝑏𝑡𝑒𝑟𝑚𝑠(𝑡) is finite}. For example, 𝑓(𝑓(𝑓(… ))) is a rational term since it has a single subterm (itself) but  𝑓ଵ(𝑓ଶ(𝑓ଷ(… ))), where the 
ellipsis stands for the sequence of different constructor applications, is not. Obviously, any finite 
term is rational, thus 𝑇 ⊂ 𝑇ோ. 

2.2 Substitution 
We define variable substitution in a conventional way and denote the substitution of all occurrences 
of a variable 𝑥 in a term 𝑡 ∈ 𝑇 with a term 𝑡ᇱ ∈ 𝑇 as 𝑡ሾ𝑥 ↦ 𝑡ᇱሿ. The substitution naturally extends to 
infinite terms. 

 
1 In the text, we assume equality of infinite terms to be equivalent to their bisimilarity. 
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More precisely, we define a substitution 𝜎 ∈ Σ as a mapping 𝕍 → 𝑇ஶ with finite substitution domain 𝑑𝑜𝑚 ∶ Σ → 2𝕍 which is defined as a set of variables that the substitution maps to another term: 𝑑𝑜𝑚(𝜎) = {𝑥 ∈ 𝕍 ∣ 𝜎(𝑥) ≠ 𝑥}. 
The most trivial examples of substitutions are empty substitution ሾ ሿ and singleton substitution ሾ𝑥 ↦ 𝑡ሿ with domains 𝑑𝑜𝑚(ሾ ሿ) = ∅ and 𝑑𝑜𝑚(ሾ𝑥 ↦ 𝑡ሿ) = {𝑥} (if 𝑡 ≠ 𝑥) respectively. 
The substitution application 𝑇ஶ × Σ → 𝑇ஶ, denoted in a postfix manner as 𝑡𝜎, is a homomorphic 
extension of the application as a function: 𝑥𝜎 = 𝜎(𝑥), 𝑓௡(𝑡ଵ, … , 𝑡௡)𝜎 = 𝑓௡(𝑡ଵ𝜎, … , 𝑡௡𝜎). 
We say that substitution 𝜎 is rational iff its image is rational for every variable: ∀𝑥 ∈ 𝕍.𝜎(𝑥) ∈ 𝑇ோ. 
Obviously, the application of a rational substitution to a rational term gives a rational term. 
Consider now a substitution 𝜎 that unifies the variable 𝑥 with the term 𝑡, i.e., 𝜎(𝑥) = 𝑡𝜎. In a finite 
case we clearly know that 𝑥 ∉ 𝑠𝑢𝑏𝑡𝑒𝑟𝑚𝑠(𝑡) or 𝑡 = 𝑥. But in an infinite case we have a more general 
fact. For example, let 𝜎 = ሾ𝑥 ↦ 𝑓(𝑓(… ))ሿ. We may see that 𝜎(𝑥) = 𝑓(𝑓(… )) = ⋯ = 𝑓(𝑓(𝑥))𝜎 = 𝑓(𝑥)𝜎. 
Lemma 2.1 (Recursive unifier). Let us have a substitution 𝜎, a variable 𝑥 and a possibly infinite 
term 𝑡 ≠ 𝑥. If 𝜎(𝑥) = 𝑡𝜎, then 𝜎(𝑥) = 𝑡ᇱ𝜎, where 𝑡ᇱ = 𝑡ሾ𝑥 ↦ 𝑡ᇱሿ. 
Proof. If 𝑥 ∉ subterms(𝑡), the claim is obvious since 𝑡ᇱ = 𝑡ሾ𝑥 ↦ 𝑡ᇱሿ = 𝑡. 
Otherwise, we may see that 𝑡𝜎 forms a term where at each variable 𝑥 occurrence we encounter the 
term 𝑡𝜎 again. Descending recursively, we will encounter 𝑡𝜎 over and over again infinitely. 
Therefore, actually 𝜎(𝑥) is not only 𝑡𝜎 but also 𝑡ሾ𝑥 ↦ 𝑡ሿ𝜎 and moreover 𝑡ሾ𝑥 ↦ 𝑡ሿ… ሾ𝑥 ↦ 𝑡ሿ𝜎. 
Since after the first substitution of 𝑥 we have eliminated all its occurrences except those in 𝑡, 𝑡ሾ𝑥 ↦ 𝑡ሿሾ𝑥 ↦ 𝑡ሿ = 𝑡ൣ𝑥 ↦ 𝑡ሾ𝑥 ↦ 𝑡ሿ൧. Finally: 𝜎(𝑥) = 𝑡ሾ𝑥 ↦ 𝑡ሿ… ሾ𝑥 ↦ 𝑡ሿ𝜎 = 𝑡ሾ𝑥 ↦ 𝑡ሾ𝑥 ↦ 𝑡ሿሿሾ𝑥 ↦ 𝑡ሿ… ሾ𝑥 ↦ 𝑡ሿ𝜎 … = 𝑡ሾ𝑥 ↦ 𝑡ሾ𝑥 ↦ 𝑡ሾ𝑥 ↦ ⋯ ሿሿሿ𝜎 = 𝑡ᇱ𝜎, 𝑡ᇱ = 𝑡ሾ𝑥 ↦ 𝑡ᇱሿ. 
QED. 
We define substitution composition 𝜎ଵ ⋄ 𝜎ଶ as the substitution with the following universal property: 𝑡𝜎ଵ𝜎ଶ = 𝑡(𝜎ଶ ⋄ 𝜎ଵ). 
In other words, we consider substitution composition as function composition w.r.t. the substitution 
application. Similarly to functions, substitutions form a monoidal structure under composition. 

2.3 Unification Properties 
We say that substitution 𝜎 is a unifier for the terms 𝑡ଵ, 𝑡ଶ ∈ 𝑇ஶ iff its application to both terms gives 
equal results: 𝑡ଵ𝜎 = 𝑡ଶ𝜎. Also, for some substitution 𝜎 we may consider a “set of unified terms”: {(𝑡ଵ, 𝑡ଶ) ∈ 𝑇ஶ × 𝑇ஶ ∣ 𝑡ଵ𝜎 = 𝑡ଶ𝜎}. 
We define a preorder relation “to be more general” 𝜎ଵ ≼ 𝜎ଶ between substitutions in a conventional 
[11] manner: ∃𝜎 ∈ Σ.𝜎ଶ = 𝜎 ⋄ 𝜎ଵ. Obviously, the relation is reflexive, transitive and not symmetric, 
and also not antisymmetric. For example, consider 𝜎ଵ = ሾ𝑥 ↦ 𝑦ሿ and 𝜎ଶ = ሾ𝑦 ↦ 𝑥ሿ. We have 𝜎ଶ =ሾ𝑦 ↦ 𝑥ሿ ⋄ 𝜎ଵ, so 𝜎ଵ ≼ 𝜎ଶ, and 𝜎ଵ = ሾ𝑥 ↦ 𝑦ሿ ⋄ 𝜎ଶ, so 𝜎ଶ ≼ 𝜎ଵ, but 𝜎ଵ ≠ 𝜎ଶ. 
We may notice an important connection between the generality of substitutions and their unifying 
properties. If 𝜎ଵ unifies the terms 𝑡ଵ, 𝑡ଶ ∈ 𝑇ஶ then any 𝜎ଶ such that 𝜎ଵ ≼ 𝜎ଶ unifies them, too: 𝑡ଵ𝜎ଶ = 𝑡ଵ(𝜎 ⋄ 𝜎ଵ) = 𝑡ଵ𝜎ଵ𝜎 = 𝑡ଶ𝜎ଵ𝜎 = 𝑡ଶ(𝜎 ⋄ 𝜎ଵ) = 𝑡ଶ𝜎ଶ. 
Taking this into account, we may see that ≼ is a partial order w.r.t. the sets of unified terms. Indeed, 
if some 𝜎ଵ ≼ 𝜎ଶ and 𝜎ଶ ≼ 𝜎ଵ, we may see that they unify the same pairs of terms so their sets of 
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unified terms are equal. This also explains the usage of “less or equal” notation in contrast with 
“more general” pronunciation. 
We say that for given terms 𝑡ଵ, 𝑡ଶ ∈ 𝑇ஶ a substitution 𝜎ᇱ is a “unifying extension” of a substitution 𝜎 iff it is a unifier for 𝑡ଵ, 𝑡ଶ and 𝜎 ≼ 𝜎ᇱ. 
Since we have the preorder structure on substitutions, we may consider a “minimal” substitution 
satisfying some property. In particular, instantiating this notion with the unifier property, we get the 
most general unifier (MGU) property: 𝑡ଵ𝜎 = 𝑡ଶ𝜎 ∧ ∀𝜎ᇱ ∈ Σ. 𝑡ଵ𝜎ᇱ = 𝑡ଶ𝜎ᇱ ⟹ 𝜎 ≼ 𝜎ᇱ. 
Additionally, we may consider a “minimal extension” of a substitution 𝜎 and its minimal unifying 
extension 𝜎ଵ for terms 𝑡ଵ, 𝑡ଶ ∈ 𝑇ஶ: 𝜎 ≼ 𝜎ଵ ∧ 𝑡ଵ𝜎ଵ = 𝑡ଶ𝜎ଵ ∧ ∀𝜎ଶ ∈ Σ.𝜎 ≼ 𝜎ଶ ∧ 𝑡ଵ𝜎ଶ = 𝑡ଶ𝜎ଶ ⟹ 𝜎ଵ ≼ 𝜎ଶ. 
Obviously: 

• a minimal unifying extension is a unifying extension, too; 
• if some 𝜎 unifies 𝑡ଵ, 𝑡ଶ ∈ 𝑇ஶ it is already a minimal unifying extension of itself; 
• a minimal unifying extension of the empty substitution is MGU. 

As a corollary of Lemma 2.1, we may form a minimal unifying extension for any unbound (that is 
not in the domain) variable in a generic way. The proof is omitted due to its triviality. 
Lemma 2.2. Let us have a substitution 𝜎, a variable 𝑥 and a term 𝑡 ∈ 𝑇ஶ such that 𝑥 ∉ 𝑑𝑜𝑚(𝜎) and 𝑡𝜎 ≠ 𝑥. Then 𝜎ᇱ = ሾ𝑥 ↦ 𝑡𝜎ᇱሿ ⋄ 𝜎 is a minimal unifying extension of 𝜎 for 𝑥 and 𝑡. 
3. Rational Unification 
In this section we introduce equation systems and the unification algorithm, and prove its correctness 
and termination properties. 
For convenience we will use the notation 𝐴? = {⊥} ∪ 𝐴 for some set 𝐴 and call it “optional 𝐴”. Also, 
we use the notation 𝜋௜ for the 𝑖-th projection of a tuple; for example, 𝜋ଵ ∶ 𝐴 × 𝐵 → 𝐴. 

3.1 Equation System 
We define an equation 𝑒 ∈ ℰ as a pair: 

• a pointed finite set 𝑋 ⊂ 𝕍 named “left-hand side” with some variable named “representing 
variable” chosen as a base point; 

• an optional non-variable term 𝑡 ∈ 𝑇? ∖ 𝕍 named “the right-hand side”. 
For convenience we will use the notations 𝑙ℎ𝑠 ∶ ℰ → 2𝕍, 𝑟𝑒𝑝𝑟 ∶ ℰ → 𝕍 and 𝑟ℎ𝑠 ∶ ℰ → 𝑇? for 
corresponding equation components. Also, we will use the notation 𝑥,𝑦, 𝑧 ≡ 𝑡, where 𝑙ℎ𝑠൫𝑥,𝑦, 𝑧 ≡ 𝑡൯ = {𝑥,𝑦, 𝑧}, 𝑟𝑒𝑝𝑟൫𝑥,𝑦, 𝑧 ≡ 𝑡൯ = 𝑥 and 𝑟ℎ𝑠൫𝑥,𝑦, 𝑧 ≡ 𝑡൯ = 𝑡. 
We define an equation system 𝜉 ∈ Ξ as a finite set of equations Ξ ⊂ 2ℰ with pairwise disjunctive 
left-hand sides. For convenience we will use the notation 𝜉, 𝑒 for the equation system extension {𝑒} ∪ {𝑒ᇱ ∈ 𝜉 ∣ 𝑙ℎ𝑠(𝑒) ∩ 𝑙ℎ𝑠(𝑒ᇱ) = ∅}. 
We consider our equation definition as a representation of the special case of equation system in 
conventional sense. For example: 

Conventional equation system Our equation ൝ 𝑥 = 𝑓(𝑧)𝑦 = 𝑥𝑧 = 𝑥  𝑥,𝑦, 𝑧 ≡ 𝑓(𝑧) 
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In this sense, we may see that trivial equations of the form 𝑥 ≡ ⊥ do not equate anything so we 
consider them illegal, i.e., ∀𝑥 ∈ 𝕍, 𝜉 ∈ Ξ. 𝑥 ≡ ⊥ ∉ 𝜉. However, we will still allow them in ℰ for the 
simplicity of the following definitions. 
The main operation defined on equation systems is 𝑤𝑎𝑙𝑘 ∶ Ξ × 𝕍 → ℰ × 𝑇. This operation looks up 
for a variable in an equation system returning a corresponding pair of an equation and a term. More 
formally: 

𝑤𝑎𝑙𝑘(𝜉, 𝑥) = ൞ ൫𝑥 ≡ ⊥,𝑥൯ if there is no 𝑒 ∈ 𝜉 such that 𝑥 ∈ 𝑙ℎ𝑠(𝑒),൫𝑒, 𝑟𝑒𝑝𝑟(𝑒)൯ if 𝑒 ∈ 𝜉, 𝑥 ∈ 𝑙ℎ𝑠(𝑒) and 𝑟ℎ𝑠(𝑒) = ⊥,൫𝑒, 𝑟ℎ𝑠(𝑒)൯ otherwise.  

Basically, we may consider our definition of equation system as an “enhanced” triangular 
substitution [11] w.r.t. 𝑤𝑎𝑙𝑘. For example: 

Triangular substitution Equation system ൝ 𝑥 ↦ 𝑓(𝑧)𝑦 ↦ 𝑥𝑧 ↦ 𝑤  ൜ 𝑥, 𝑦 ≡ 𝑓(𝑧)𝑧,𝑤 ≡ ⊥  

Indeed, we may consider equation systems as substitutions (denoted as ⟦⋅⟧ ∶ Ξ → Σ) which are being 
applied recursively to a term. More formally, we may consider a homomorphic extension of 𝑤𝑎𝑙𝑘 
w.r.t. the second projection of its result and apply it infinitely: 𝑥⟦𝜉⟧ = 𝜋ଶ൫𝑤𝑎𝑙𝑘(𝜉, 𝑥)൯⟦𝜉⟧ 𝑓௡(𝑡ଵ, … , 𝑡௡)⟦𝜉⟧ = 𝑓௡(𝑡ଵ⟦𝜉⟧, … , 𝑡௡⟦𝜉⟧) 
Consider an application of an equation system 𝜉 to a variable 𝑥. There are two main cases: 

• if 𝜋ଶ൫𝑤𝑎𝑙𝑘(𝜉, 𝑥)൯ = 𝑦 ∈ 𝕍, we have 𝑥⟦𝜉⟧ = 𝑦⟦𝜉⟧ = ⋯ = 𝑦⟦𝜉⟧ = ⋯ that leads to an 
infinite recursion so we must let 𝑥⟦𝜉⟧ = 𝑦; 

• otherwise, we simply descend into the right-hand side term. 
Therefore, equation system application may be defined as a corecursive function: 

function 𝐴𝑝𝑝𝑙𝑦𝐸𝑞𝑆𝑦𝑠(𝜉 ∈ Ξ, 𝑡 ∈ 𝑇ஶ) 
 if 𝑥 ← 𝑡 ∈ 𝕍 then 
  (_, 𝑡) ← 𝑤𝑎𝑙𝑘(𝜉, 𝑥) 
 if 𝑥 ← 𝑡 ∈ 𝕍 then 
  return 𝑥 
 if 𝑓௡(𝑡ଵ, … , 𝑡௡) ← 𝑡 then 
  return 𝑓௡൫𝐴𝑝𝑝𝑙𝑦𝐸𝑞𝑆𝑦𝑠(𝜉, 𝑡ଵ), … ,𝐴𝑝𝑝𝑙𝑦𝐸𝑞𝑆𝑦𝑠(𝜉, 𝑡௡)൯ 

Under the equation system application, we may consider equation systems as a special case of 
substitutions. 
Theorem 3.1. Given an equation system 𝜉 ∈ Ξ, ⟦𝜉⟧ is a rational substitution. 
Proof. Let 𝑠𝑢𝑏𝑡𝑒𝑟𝑚𝑠(⊥) = ∅; for any equation 𝑒 ∈ ℰ, 𝑠𝑢𝑏𝑡𝑒𝑟𝑚𝑠(𝑒) = {𝑟𝑒𝑝𝑟(𝑒)} ∪𝑠𝑢𝑏𝑡𝑒𝑟𝑚𝑠൫𝑟ℎ𝑠(𝑒)൯ and for any equation system 𝜉 ∈ Ξ, 𝑠𝑢𝑏𝑡𝑒𝑟𝑚𝑠(𝜉) = ሪ 𝑠𝑢𝑏𝑡𝑒𝑟𝑚𝑠(𝑒)௘∈క . Since 𝜉 is finite and 𝑠𝑢𝑏𝑡𝑒𝑟𝑚𝑠(𝑡) is finite for any 𝑡 ∈ 𝑇, too, 𝑠𝑢𝑏𝑡𝑒𝑟𝑚𝑠(𝜉) is finite. 
Given a variable 𝑥, let 𝑇௫ = {𝑥} ∪ 𝑠𝑢𝑏𝑡𝑒𝑟𝑚𝑠(𝜉) which is obviously finite. It is easy to show that 𝑠𝑢𝑏𝑡𝑒𝑟𝑚𝑠൫⟦𝜉⟧(𝑥)൯ ⊆ {𝑡⟦𝜉⟧ | 𝑡 ∈ 𝑇௫} so it must be finite. Therefore, ⟦𝜉⟧ is a rational substitution. 
QED. 
The second key operation of equation systems is 𝑢𝑛𝑖𝑜𝑛 ∶ Ξ × 𝕍 × 𝕍 → Ξ × (𝑇 × 𝑇)?. Given two 
variables 𝑥,𝑦 and an equation system 𝜉, this operation builds a new equation system from 𝜉 such 
that 𝑥,𝑦 belong to the same equation. 
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More formally: 
1. function 𝑈𝑛0𝑖𝑜𝑛𝐸𝑞𝑆𝑦𝑠(𝜉 ∈ Ξ, 𝑥,𝑦 ∈ 𝕍) 
2.  (𝑒௫, _) ← 𝑤𝑎𝑙𝑘(𝜉, 𝑥) 
3.  ൫𝑒௬ , _൯ ← 𝑤𝑎𝑙𝑘(𝜉,𝑦) 
4.  if 𝑟𝑒𝑝𝑟(𝑒௫) = 𝑟𝑒𝑝𝑟൫𝑒௬൯ then 
5.   return (𝜉,⊥) 
6.  if 𝑟ℎ𝑠(𝑒௫) = ⊥ and 𝑟ℎ𝑠൫𝑒௬൯ = ⊥ then 
7.   return ൫ሾ𝜉, 𝑙ℎ𝑠(𝑒௫) ∪ 𝑙ℎ𝑠൫𝑒௬൯ ≡ ⊥ሿ,⊥൯ 
8.  if 𝑟ℎ𝑠(𝑒௫) = ⊥ then 
9.   return ൫ሾ𝜉, 𝑙ℎ𝑠(𝑒௫) ∪ 𝑙ℎ𝑠൫𝑒௬൯ ≡ 𝑟ℎ𝑠൫𝑒௬൯ሿ,⊥൯ 
10.  if 𝑟ℎ𝑠൫𝑒௬൯ = ⊥ then 
11.   return ൫ሾ𝜉, 𝑙ℎ𝑠(𝑒௫) ∪ 𝑙ℎ𝑠൫𝑒௬൯ ≡ 𝑟ℎ𝑠(𝑒௫)ሿ,⊥൯ 
12.  return ൬ൣ𝜉, 𝑙ℎ𝑠(𝑒௫) ∪ 𝑙ℎ𝑠൫𝑒௬൯ ≡ 𝑟ℎ𝑠(𝑒௫)൧, ቀ𝑟ℎ𝑠(𝑒௫), 𝑟ℎ𝑠൫𝑒௬൯ቁ൰ 

When we add a new equation at lines 6-12, we may choose either 𝑟𝑒𝑝𝑟(𝑒௫) or 𝑟𝑒𝑝𝑟൫𝑒௬൯ as the 
representing variable. The same is true about the right-hand side of the new equation at line 12: it 
could be either 𝑟ℎ𝑠(𝑒௫) or 𝑟ℎ𝑠൫𝑒௬൯. As we can see, the second element of 𝑢𝑛𝑖𝑜𝑛 result is intended 
to inform a caller about a collision in right-hand sides during the union. 
We consider the following properties of 𝑢𝑛𝑖𝑜𝑛 and leave them without pen-and-paper proofs: 

• if 𝑢𝑛𝑖𝑜𝑛(𝜉, 𝑥, 𝑦) = (𝜉ᇱ,⊥), then ⟦𝜉ᇱ⟧ is a minimal unifying extension of ⟦𝜉⟧ for 𝑥, 𝑦 
(mostly done by Lemma 2.2); 

• if 𝑢𝑛𝑖𝑜𝑛(𝜉, 𝑥,𝑦) = ൫𝜉ଵ, (𝑡ଵ, 𝑡ଶ)൯ and ⟦𝜉ଶ⟧ is a minimal unifying extension of ⟦𝜉ଵ⟧ for 𝑡ଵ, 𝑡ଶ, 
then ⟦𝜉ଶ⟧ is a minimal unifying extension of ⟦𝜉⟧ for 𝑥,𝑦; 

• if 𝑢𝑛𝑖𝑜𝑛(𝜉, 𝑥,𝑦) = ൫𝜉ଵ, (𝑡ଵ, 𝑡ଶ)൯ and ⟦𝜉ଶ⟧ is a unifying extension of ⟦𝜉⟧ for 𝑥,𝑦, then ⟦𝜉ଶ⟧ 
is a unifying extension of ⟦𝜉ଵ⟧ for 𝑡ଵ, 𝑡ଶ. 

These properties are required for the soundness and completeness of the unification algorithm. Some 
other properties required for the termination are discussed below. 

3.2 Common Part 
We define a “common part” [9] of two terms 𝑐𝑜𝑚𝑚𝑜𝑛_𝑝𝑎𝑟𝑡 ∶ 𝑇 × 𝑇 → 𝑇? inductively: 𝑐𝑜𝑚𝑚𝑜𝑛_𝑝𝑎𝑟𝑡(𝑥, _) = 𝑥 𝑐𝑜𝑚𝑚𝑜𝑛_𝑝𝑎𝑟𝑡(_,𝑦) = 𝑦 𝑐𝑜𝑚𝑚𝑜𝑛_𝑝𝑎𝑟𝑡൫𝑓௡(… , 𝑙௜ , … ),𝑓௡(… , 𝑟௜ , … )൯ = 𝑓௡(… , 𝑐𝑜𝑚𝑚𝑜𝑛_𝑝𝑎𝑟𝑡(𝑙௜ , 𝑟௜), … ) 
The definition is intentionally left non-total since two terms may not have a common part (in such 
cases the result is ⊥) and slightly non-deterministic (in the case of two variables) to allow 
optimizations. Hereafter we require the implementation of 𝑐𝑜𝑚𝑚𝑜𝑛_𝑝𝑎𝑟𝑡 to be a total deterministic 
function. 
There is a connection between common part existence and unifiability: 

• 𝑐𝑜𝑚𝑚𝑜𝑛_𝑝𝑎𝑟𝑡(𝑡ଵ, 𝑡ଶ) = 𝑡 iff 𝑐𝑜𝑚𝑚𝑜𝑛_𝑝𝑎𝑟𝑡(𝑡ଶ, 𝑡ଵ) = 𝑡 (as a predicate); 
• if some substitution 𝜎 is a unifier of 𝑡ଵ, 𝑡ଶ ∈ 𝑇 and 𝑐𝑜𝑚𝑚𝑜𝑛_𝑝𝑎𝑟𝑡(𝑡ଵ, 𝑡ଶ) = 𝑡, then 𝑡 ≠ ⊥ 

and 𝜎 is a unifier of 𝑡ଵ, 𝑡 (and of 𝑡ଶ, 𝑡 by the previous point). 

3.3 The Unification Algorithm 
We define the unification algorithm as a recursive function unify ∶ Ξ × 𝑇 × 𝑇 → Ξ?: 
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1. function RationalUnify(𝜉 ∈ Ξ, 𝑡ଵ, 𝑡ଶ ∈ 𝑇) 
2.  if 𝑥 ← 𝑡ଵ ∈ 𝕍 and 𝑦 ← 𝑡ଶ ∈ 𝕍 then 
3.   (𝜉, 𝑡𝑠) ← 𝑢𝑛𝑖𝑜𝑛(𝜉, 𝑥,𝑦) 
4.   if (𝑡ଵ, 𝑡ଶ) ← 𝑡𝑠 then 
5.    return RationalUnify(𝜉, 𝑡ଵ, 𝑡ଶ) 
6.   return 𝜉 
7.  if 𝑥 ← 𝑡ଵ ∈ 𝕍 then 
8.   (𝑒, _) ← 𝑤𝑎𝑙𝑘(𝜉, 𝑥) 
9.   if 𝑟ℎ𝑠(𝑒) = ⊥ then 
10.    return 𝜉, 𝑙ℎ𝑠(𝑒) ≡ 𝑡ଶ 
11.   𝑡 ← 𝑐𝑜𝑚𝑚𝑜𝑛_𝑝𝑎𝑟𝑡(𝑟ℎ𝑠(𝑒), 𝑡ଶ) 
12.   if 𝑡 = ⊥ then 
13.    failure 
14.   𝜉 ← 𝜉, 𝑙ℎ𝑠(𝑒) ≡ 𝑡 
15.   return RationalUnify(𝜉, 𝑟ℎ𝑠(𝑒), 𝑡ଶ) 
16.  if 𝑦 ← 𝑡ଶ ∈ 𝕍 then 
17.   return RationalUnify(𝜉,𝑦, 𝑡ଵ) 
18.  if 𝑓௡(𝑙ଵ, … , 𝑙௡) ← 𝑡ଵ and 𝑔௠(𝑟ଵ, … , 𝑟௡) ← 𝑡ଶ then 
19.   if 𝑓௡ ≠ 𝑔௠ then 
20.    failure 
21.   for 𝑖 = 1, … ,𝑛 do 
22.    𝜉 ← RationalUnify(𝜉, 𝑙௜ , 𝑟௜) 
23.   return 𝜉 

Theorem 3.2 (Soundness). Let us have 𝜉 ∈ Ξ and 𝑡ଵ, 𝑡ଶ ∈ 𝑇. If unify(𝜉, 𝑡ଵ, 𝑡ଶ) = 𝜉ᇱ ≠ ⊥, then ⟦𝜉ᇱ⟧ 
is a minimal unifying extension of ⟦𝜉⟧ for 𝑡ଵ, 𝑡ଶ. 
Proof. Mostly done by induction on the inference tree using the properties of 𝑢𝑛𝑖𝑜𝑛. 
The only interesting case is when 𝑡ଵ ∈ 𝕍 (let us name it 𝑥) and 𝑡ଶ ∉ 𝕍: 

• if 𝑤𝑎𝑙𝑘(𝜉, 𝑥) = (𝑒, _) and 𝑟ℎ𝑠(𝑒) = ⊥, the proof follows from Lemma 2.2; 
• otherwise, we have 𝑐𝑜𝑚𝑚𝑜𝑛_𝑝𝑎𝑟𝑡(𝑟ℎ𝑠(𝑒), 𝑡ଶ) = 𝑡 ≠ ⊥ and unify(ሾ𝜉, 𝑙ℎ𝑠(𝑒) ≡ 𝑡ሿ,𝑟ℎ𝑠(𝑒), 𝑡ଶ) = 𝜉ᇱ ≠ ⊥ such that ⟦𝜉ᇱ⟧ is a minimal unifying extension of ⟦𝜉, 𝑙ℎ𝑠(𝑒) ≡ 𝑡⟧ for 𝑟ℎ𝑠(𝑒), 𝑡ଶ (by the induction hypothesis), we may prove that ⟦𝜉ᇱ⟧ is a minimal unifying 

extension of ⟦𝜉⟧ for 𝑥, 𝑡ଶ similarly to 𝑢𝑛𝑖𝑜𝑛. 
QED. 

The immediate corollary of this theorem is that unify(∅, 𝑡ଵ, 𝑡ଶ) is an MGU of 𝑡ଵ, 𝑡ଶ (unless it is 
not ⊥). 

Theorem 3.3 (Completeness). Let us have 𝜉 ∈ Ξ and 𝑡ଵ, 𝑡ଶ ∈ 𝑇. If unify(𝜉, 𝑡ଵ, 𝑡ଶ) = ⊥, then there is 
no unifying extension of ⟦𝜉⟧ for 𝑡ଵ, 𝑡ଶ. 

Proof. The proof is mostly similar to the proof of the previous theorem. 
The only interesting case is when 𝑡ଵ ∈ 𝕍 (𝑥 = 𝑡ଵ), 𝑡ଶ ∉ 𝕍, 𝑤𝑎𝑙𝑘(𝜉, 𝑥) = (𝑒, _) and 𝑟ℎ𝑠(𝑒) ≠ ⊥: 

• if 𝑐𝑜𝑚𝑚𝑜𝑛_𝑝𝑎𝑟𝑡(𝑟ℎ𝑠(𝑒), 𝑡ଶ) = 𝑡 = ⊥, there is no unifier of 𝑟ℎ𝑠(𝑒), 𝑡ଶ and therefore no 
unifying extension of ⟦𝜉⟧ for 𝑥, 𝑡ଶ, too; 

• otherwise, if there is a unifying extension of ⟦𝜉, 𝑙ℎ𝑠(𝑒) ≡ 𝑡⟧ for 𝑟ℎ𝑠(𝑒), 𝑡ଶ, then we may 
prove that it must be a unifying extension of ⟦𝜉⟧ for 𝑥, 𝑡ଶ, too (similarly to 𝑢𝑛𝑖𝑜𝑛). 

QED. 
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We may2 also consider a “direct” unification of rational terms 𝑡ଵ, 𝑡ଶ ∈ 𝑇ோ. Although it doesn’t 
straightforwardly come from the unification of finite terms, it could be obtained using an equation 
system representation for them. The fact [12] is that any rational term may be represented as a pair 
of an equation system and a finite term, so we may “include” the equation systems of 𝑡ଵ, 𝑡ଶ into the 
current state and apply the algorithm as usual. In practice, it is not much helpful to unify rational 
terms directly since we may always represent them as pairs of an equation system and a finite term. 

3.4 Termination of the Algorithm 
To prove the termination of the algorithm we need to introduce some new notions. 

3.4.1 Roots 
We say that a variable 𝑥 is a “root” of an equation system 𝜉 iff it is either: 

• a representing variable for some equation; 
• or it does not occur in the left-hand sides of 𝜉. 

More formally, we say that 𝑥 is a root of 𝜉 iff 𝑟𝑒𝑝𝑟 ቀ𝜋ଵ൫𝑤𝑎𝑙𝑘(𝜉, 𝑥)൯ቁ = 𝑥. 
We define the roots of an equation system modulo a finite variable set 𝑋, 𝑟𝑜𝑜𝑡𝑠௑ ∶ Ξ → 2𝕍 as: 𝑟𝑜𝑜𝑡𝑠௑(𝜉) = ቄ 𝑥 ∈ 𝑋 ∣∣ 𝑟𝑒𝑝𝑟 ቀ𝜋ଵ൫𝑤𝑎𝑙𝑘(𝜉, 𝑥)൯ቁ = 𝑥 ቅ. 
The motivation for the introduction of roots as a separate concept (instead of the representing 
variables) is the unification for unbound variables. For example, when we unify 𝑥 with 𝑓(𝑦) and 
there are no equations with 𝑥 in the left-hand side, we are required to add a new equation 𝑥 ≡ 𝑓(𝑦). 
It increases the number of representing variables but doesn’t change the number of roots modulo 𝑋 
if 𝑥 ∈ 𝑋. 
Indeed, we may consider an equation system as if there was an equation for every 𝑥 ∈ 𝕍 by just 
populating it by trivial equations in the form 𝑥 ≡ ⊥. We may notice that the behavior of 𝑤𝑎𝑙𝑘 would 
remain unaffected in this case. So, a root of 𝜉 is just a representing variable of a populated in such a 
manner version of 𝜉. The issue of this approach is that after the population of a system with non-
essential equations their number (and the number of representing variables) will become infinite and 
therefore cannot be reduced by one during unification. So, we additionally use a finite set 𝑋 to focus 
our attention only at “interesting” variables. 

3.4.2 Non-variable size 
We define non-variable size of a term 𝑡 ∈ 𝑇 as a number of its constructors. More formally, we 
consider the following recursively-defined function 𝑠𝑖𝑧𝑒 ∶ 𝑇 → ℕ: 𝑠𝑖𝑧𝑒(𝑥) = 0 𝑠𝑖𝑧𝑒൫𝑓௡(𝑡ଵ, … , 𝑡௡)൯ = 1 + ෍𝑠𝑖𝑧𝑒(𝑡௜)௡

௜ୀଵ  

We also consider a non-variable size of an equation system 𝜉 as the sum of non-variable sizes of its 
right-hand sides, 𝑠𝑖𝑧𝑒 ∶ Ξ → ℕ, and a size of an equation system 𝜉 modulo a finite variable set 𝑋 as 
a pair of the number of roots modulo 𝑋 and the non-variable size of 𝜉, 𝑠𝑖𝑧𝑒௑ ∶ Ξ → ℕ × ℕ: 𝑠𝑖𝑧𝑒(𝜉) = ෍ 𝑠𝑖𝑧𝑒൫𝑟ℎ𝑠(𝑒)൯௘∈క௥௛௦(௘)ஷୄ

, 
𝑠𝑖𝑧𝑒௑(𝜉) = (|𝑟𝑜𝑜𝑡𝑠௑(𝜉)|, 𝑠𝑖𝑧𝑒(𝜉)). 

 
2 This claim is not proven in Rocq since it requires the axiom of choice. 

Domoratskiy E.A., Boulytchev D.Yu. Certified Unification for Rational Terms. Trudy ISP RAN/Proc. ISP RAS, vol. 38, issue 6, part 1, 2026. 
pp. 23-40. 

32 

3.4.3 Cost 
We define the “cost” of two terms, 𝑐𝑜𝑠𝑡 ∶ 𝑇 × 𝑇 → ℕ, as a recursively-defined function: 𝑐𝑜𝑠𝑡(𝑥, 𝑡ଶ) = 𝑠𝑖𝑧𝑒(𝑡ଶ) 𝑐𝑜𝑠𝑡(𝑡ଵ,𝑦) = 𝑠𝑖𝑧𝑒(𝑡ଵ) 𝑐𝑜𝑠𝑡 ቀ𝑓௡(… , 𝑙௜ , … ),𝑔௠൫… , 𝑟௝ , … ൯ቁ = 1 + ෍ 𝑐𝑜𝑠𝑡(𝑙௜ , 𝑟௜)୫୧୬(௡,௠)

௜ୀଵ  

In fact, independently of the actual definition, we only need that: 
• 𝑐𝑜𝑠𝑡(𝑥, 𝑡) = 𝑐𝑜𝑠𝑡(𝑡, 𝑥) = 𝑠𝑖𝑧𝑒(𝑡) for any 𝑥 ∈ 𝕍, 𝑡 ∈ 𝑇; 
• if 𝑐𝑜𝑚𝑚𝑜𝑛_𝑝𝑎𝑟𝑡(𝑡ଵ, 𝑡ଶ) = 𝑡 ≠ ⊥, then 𝑐𝑜𝑠𝑡(𝑡ଵ, 𝑡ଶ) + 𝑠𝑖𝑧𝑒(𝑡) = 𝑠𝑖𝑧𝑒(𝑡ଵ) + 𝑠𝑖𝑧𝑒(𝑡ଶ). 

3.4.4 Unification task 
We define unification task 𝜏 ∈ 𝒯 as a triple of an equation system and two terms: 𝒯 = Ξ × 𝑇 × 𝑇. 
Now we can define a “recursive call” relation between unification tasks 𝜏ଵ, 𝜏ଶ ∈ 𝒯 modulo a finite 
set 𝑋 ⊂ 𝕍 denoted as 𝜏ଵ ⇝௑ 𝜏ଶ as presented in Ошибка! Источник ссылки не найден.. The 
definition is aligned with all 4 possible recursive call kinds in the definition of unify. More precisely 
(the item numbers are the listing line numbers): 

5. UnionCall; 
16. CommonPartCall; 
18. SwapVarTermCall; 
23. SubtermCall. 

We define a unification task size modulo a finite set 𝑋 ⊂ 𝕍, 𝑠𝑖𝑧𝑒௑ ∶ 𝒯 → ℕ × ℕ as: 𝑠𝑖𝑧𝑒௑(𝜉, 𝑡ଵ, 𝑡ଶ) = ൫|𝑟𝑜𝑜𝑡𝑠௑(𝜉)|, 𝑠𝑖𝑧𝑒(𝜉) + 𝑐𝑜𝑠𝑡(𝑡ଵ, 𝑡ଶ)൯. 
Further we consider the lexicographical order on pairs. Under these definitions we may see that 
every considered recursive call strictly reduces a unification task size in a constant number of steps. 
Moreover, we may prove that ⇝௑  is a well-founded relation for any 𝑋 ⊂ 𝕍. 

Lemma 3.1 (⇝𝑿  is well-founded). Given a finite set 𝑋 ⊂ 𝕍, ⇝௑  is a well-founded relation. 
Proof. Given (𝜉ଵ, 𝑡ଵ, 𝑡ଶ) ∈ 𝒯, we need to show that there is no an infinite recursive call chain: (𝜉ଵ, 𝑡ଵ, 𝑡ଶ) ⇝௑ 𝜏ଶ ⇝௑ … ⇝௑ 𝜏௡ ⇝௑ … 

 

 
 

Fig. 1. The definition of  𝜏ଵ ⇝௑ 𝜏ଶ. 
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Well-founded induction on the unification task size modulo 𝑋. In other words, we show that any 
recursive call chain started from (𝜉ଵ, 𝑡ଵ, 𝑡ଶ) is finite if it holds for any 𝜏ᇱ ∈ 𝒯 such that 𝑠𝑖𝑧𝑒௑(𝜏ᇱ) <𝑠𝑖𝑧𝑒௑(𝜉ଵ, 𝑡ଵ, 𝑡ଶ), we call it “induction hypothesis” or IH. Case analysis on 𝑡ଵ: 

• If 𝑡ଵ ∈ 𝕍 (let us call it 𝑥), the only allowed recursive call kinds are (UnionCall) and 
(CommonPartCall): 
 We have 𝑡ଶ = 𝑦 ∈ 𝕍, (𝜉ଵ, 𝑥,𝑦) ⇝௑ (𝜉ଶ, 𝑡ଵᇱ , 𝑡ଶᇱ ) and |𝑟𝑜𝑜𝑡𝑠௑(𝜉ଶ)| < |𝑟𝑜𝑜𝑡𝑠௑(𝜉ଵ)|. 

Obviously, we may use IH since the latter implies 𝑠𝑖𝑧𝑒௑(𝜉ଶ, 𝑡ଵᇱ , 𝑡ଶᇱ ) < 𝑠𝑖𝑧𝑒௑(𝜉ଵ, 𝑥,𝑦) by 
lexicographic ordering. 

 We have (𝜉ଵ, 𝑥, 𝑡ଶ) ⇝௑ (𝜉ଶ, 𝑡௫, 𝑡ଶ), 𝑡௫, 𝑡ଶ ∉ 𝕍, 𝑐𝑜𝑚𝑚𝑜𝑛_𝑝𝑎𝑟𝑡(𝑡௫, 𝑡ଶ) = 𝑡 ≠ ⊥, |𝑟𝑜𝑜𝑡𝑠௑(𝜉ଵ)| = |𝑟𝑜𝑜𝑡𝑠௑(𝜉ଶ)| and 𝑠𝑖𝑧𝑒(𝜉ଵ) + 𝑠𝑖𝑧𝑒(𝑡) = 𝑠𝑖𝑧𝑒(𝜉ଶ) + 𝑠𝑖𝑧𝑒(𝑡௫). 
1. Let us show that 𝑠𝑖𝑧𝑒௑(𝜉ଵ, 𝑥, 𝑡ଶ) = 𝑠𝑖𝑧𝑒௑(𝜉ଶ, 𝑡௫, 𝑡ଶ): 

• Since |𝑟𝑜𝑜𝑡𝑠௑(𝜉ଵ)| = |𝑟𝑜𝑜𝑡𝑠௑(𝜉ଶ)|, we only need to show that 𝑠𝑖𝑧𝑒(𝜉ଵ) +𝑐𝑜𝑠𝑡(𝑥, 𝑡ଶ) = 𝑠𝑖𝑧𝑒(𝜉ଶ) + 𝑐𝑜𝑠𝑡(𝑡௫, 𝑡ଶ). 
• By the definition, 𝑐𝑜𝑠𝑡(𝑥, 𝑡ଶ) = 𝑠𝑖𝑧𝑒(𝑡ଶ). 
• By the property of common part and 𝑐𝑜𝑠𝑡, 𝑐𝑜𝑠𝑡(𝑡௫ , 𝑡ଶ) + 𝑠𝑖𝑧𝑒(𝑡) = 𝑠𝑖𝑧𝑒(𝑡௫) +𝑠𝑖𝑧𝑒(𝑡ଶ). 
• Finally: 𝑠𝑖𝑧𝑒(𝜉ଵ) + 𝑐𝑜𝑠𝑡(𝑥, 𝑡ଶ) + 𝑠𝑖𝑧𝑒(𝑡) = 𝑠𝑖𝑧𝑒(𝜉ଵ) + 𝑠𝑖𝑧𝑒(𝑡ଶ) + 𝑠𝑖𝑧𝑒(𝑡) = 𝑠𝑖𝑧𝑒(𝜉ଵ) + 𝑠𝑖𝑧𝑒(𝑡) + 𝑠𝑖𝑧𝑒(𝑡ଶ) = 𝑠𝑖𝑧𝑒(𝜉ଶ) + 𝑠𝑖𝑧𝑒(𝑡௫) + 𝑠𝑖𝑧𝑒(𝑡ଶ) = 𝑠𝑖𝑧𝑒(𝜉ଶ) + 𝑐𝑜𝑠𝑡(𝑡௫, 𝑡ଶ) + 𝑠𝑖𝑧𝑒(𝑡). 

2. Let us consider the possible recursive call kinds from (𝜉ଶ, 𝑡௫, 𝑡ଶ). Since 𝑡௫ , 𝑡ଶ ∉ 𝕍, 
it is only (SubtermCall). We may see that any (SubtermCall) recursive call strictly 
reduces 𝑐𝑜𝑠𝑡 of the terms because of the top-level constructors, so we may use IH. 

• If 𝑡ଵ ∉ 𝕍, the only allowed recursive call kinds are (SwapVarTermCall) and (SubtermCall). 
The first one just swaps terms of the task and immediately turns into the previous case. The 
latter always strictly reduces the terms’ 𝑐𝑜𝑠𝑡 because of the top-level constructors so we 
may use IH. 

QED. 

3.4.5 The Proof of Termination 
Finally, we define the variables of an equation system 𝑣𝑎𝑟𝑠 ∶ Ξ → 2𝕍 as the set of variables which 
occur anywhere in the equation system. 
We can prove the following properties of 𝑢𝑛𝑖𝑜𝑛: 

• if 𝑢𝑛𝑖𝑜𝑛(𝜉, 𝑥,𝑦) = (𝜉ᇱ,⊥), 𝑣𝑎𝑟𝑠(𝜉) ⊆ 𝑋 and 𝑥, 𝑦 ∈ 𝑋, then |𝑟𝑜𝑜𝑡𝑠௑(𝜉ᇱ)| ≤ |𝑟𝑜𝑜𝑡𝑠௑(𝜉)|; 
• if 𝑢𝑛𝑖𝑜𝑛(𝜉, 𝑥,𝑦) = (𝜉ᇱ,⊥), then 𝑠𝑖𝑧𝑒(𝜉ᇱ) ≤ 𝑠𝑖𝑧𝑒(𝜉); 
• if 𝑢𝑛𝑖𝑜𝑛(𝜉, 𝑥,𝑦) = (𝜉ᇱ,⊥), then 𝑣𝑎𝑟𝑠(𝜉ᇱ) ⊆ {𝑥,𝑦} ∪ 𝑣𝑎𝑟𝑠(𝜉); 
• if 𝑢𝑛𝑖𝑜𝑛(𝜉, 𝑥,𝑦) = ൫𝜉ᇱ, (𝑡ଵ, 𝑡ଶ)൯ and 𝑣𝑎𝑟𝑠(𝜉) ⊆ 𝑋, then |𝑟𝑜𝑜𝑡𝑠௑(𝜉ᇱ)| = |𝑟𝑜𝑜𝑡𝑠௑(𝜉)| + 1; 
• if 𝑢𝑛𝑖𝑜𝑛(𝜉, 𝑥,𝑦) = (𝜉ᇱ, (𝑡ଵ, 𝑡ଶ)), then 𝑣𝑎𝑟𝑠(𝜉ᇱ) ⊆ 𝑣𝑎𝑟𝑠(𝜉) and there are 𝑒ଵ, 𝑒ଶ ∈ 𝜉 such 

that 𝑟ℎ𝑠(𝑒ଵ) = 𝑡ଵ and 𝑟ℎ𝑠(𝑒ଶ) = 𝑡ଶ. 

Using these properties, we first prove that if unify(𝜉, 𝑡ଵ, 𝑡ଶ) = 𝜉ᇱ ≠ ⊥, then 𝑣𝑎𝑟𝑠(𝜉ᇱ) ⊆ 𝑣𝑎𝑟𝑠(𝑡ଵ) ∪𝑣𝑎𝑟𝑠(𝑡ଶ) ∪ 𝑣𝑎𝑟𝑠(𝜉) where 𝑣𝑎𝑟𝑠 ∶ 𝑇 → 2𝕍 is defined similarly to the 𝑣𝑎𝑟𝑠 of an equation system. 
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Theorem 3.4 (Termination). Given 𝜉 ∈ Ξ and 𝑡ଵ, 𝑡ଶ ∈ 𝑇, the computation of unify(𝜉, 𝑡ଵ, 𝑡ଶ) 
terminates. 
Proof. We need to prove a more general fact here: for any finite set 𝑋 ⊂ 𝕍 such that 𝑣𝑎𝑟𝑠(𝜉) ∪𝑣𝑎𝑟𝑠(𝑡ଵ) ∪ 𝑣𝑎𝑟𝑠(𝑡ଶ) ⊆ 𝑋, the algorithm terminates and if its result 𝜉ᇱ ≠ ⊥, 𝑠𝑖𝑧𝑒௑(𝜉ᇱ) ≤𝑠𝑖𝑧𝑒௑(𝜉, 𝑡ଵ, 𝑡ଶ). It means that we can increase the equation system size up to 𝑐𝑜𝑠𝑡(𝑡ଵ, 𝑡ଶ). 
This fact straightforwardly comes from the properties of 𝑢𝑛𝑖𝑜𝑛 and the previous lemma by well-
founded induction on ⇝௑ . Finally, we instantiate the generalized fact with 𝑋 = 𝑣𝑎𝑟𝑠(𝜉) ∪𝑣𝑎𝑟𝑠(𝑡ଵ) ∪ 𝑣𝑎𝑟𝑠(𝑡ଶ). 
QED. 

4. Specification in Rocq 
In this section we describe some simplifications and tricks used in the formally verified proof in the 
Rocq proof assistant. Every statement formulated before has been formally proven in Rocq [13] not 
using any axioms including any kind of extensionality or the law of excluded middle. However, in 
many cases we require the decidability of finite sets to get along with intuitionistic logic. The 
algorithm is successfully extracted from the Rocq specification as a Haskell program. 
For technical simplicity, we assume that all constructors have arity equal to either 0 or 2. This 
restriction doesn’t affect the generality of the proof since we may encode any complex term as a list 
with a nullary constructor as a tag [14]. More precisely, we deal with the following definitions of 
term and possibly infinite term: 

Definition name := nat. 
Inductive term : Set := 
| Var : name -> term 
| Cst : name -> term 
| Con : name -> term -> term -> term. 
CoInductive inf_term : Set := 
| InfVar : name -> inf_term 
| InfCst : name -> inf_term 
| InfCon : name -> inf_term -> inf_term -> inf_term. 

Although the conventional [15] way to internalize bisimilarity of such coinductive structures is the 
usage of coinductively-defined predicate, we faced a number of serious limitations of this approach 
especially in the usage of corecursively-proven transitivity due to productivity check. Instead, we 
have used an alternative induction-based predicate and proved its equivalence to the conventional 
one: 

CoInductive inf_term_coinductive_eq : inf_term -> inf_term -> Prop := 
| InfVarEq x : inf_term_coinductive_eq (InfVar x) (InfVar x) 
| InfCstEq c : inf_term_coinductive_eq (InfCst c) (InfCst c) 
| InfConEq f l1 l2 r1 r2 : inf_term_coinductive_eq l1 l2 
                        -> inf_term_coinductive_eq r1 r2 
                        -> inf_term_coinductive_eq (InfCon f l1 r1) (InfCon f l2 r2). 
Inductive path : Set := 
| Here : path 
| Left : path -> path 
| Right : path -> path. 
Inductive inf_path_to : inf_term -> path -> inf_term -> Prop := 
| InfHere t : inf_path_to t Here t 
| InfLeft f l r p t : inf_path_to l p t -> inf_path_to (InfCon f l r) (Left p) t 
| InfRight f l r p t : inf_path_to r p t -> inf_path_to (InfCon f l r) (Right p) t. 
Definition inf_term_eq_node (l r : inf_term) : Prop := 
match l, r with 
| InfVar l, InfVar r => l = r 
| InfCst l, InfCst r => l = r 
| InfCon l _ _, InfCon r _ _ => l = r 
| _, _ => False 
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end. 
Definition inf_term_eq (l r : inf_term) : Prop := 
  forall p l', inf_path_to l p l' -> exists r', inf_path_to r p r' /\ inf_term_eq_node l' r'. 
Lemma inf_term_eq_correct t1 t2 (H : inf_term_eq t1 t2) : inf_term_coinductive_eq t1 t2. 
Lemma inf_term_eq_complete t1 t2 (H : inf_term_coinductive_eq t1 t2) : inf_term_eq t1 t2. 

While this definition allowed us to avoid issues with the productivity checker which led to the 
rejection of initially more compact proofs, the proofs themselves became more technically 
challenging. 
In Rocq, instead of defining equation system as a set of equations, we encode them as a finite partial 
mapping (similarly to substitutions) and use representing variables to distinguish between equations. 
This approach is mostly inspired by triangular substitutions [11] and Union-Find [16] data structure 
(disjoint set union), 𝑤𝑎𝑙𝑘 and 𝑢𝑛𝑖𝑜𝑛 follow the corresponding operations of the conventional 
Union-Find. The main advantage of this encoding is a familiarity with practical implementations of 
unification algorithms so one may rewrite our definitions line-by-line in another programming 
language and get almost ready-to-use implementation. 
In Rocq, we define 𝑐𝑜𝑚𝑚𝑜𝑛_𝑝𝑎𝑟𝑡 as an inductive predicate and prove its decidability to avoid 
difficulties with non-determinism and partiality: 

Inductive is_common_part : term -> term -> term -> Prop := 
| VarLCP x t : is_common_part (Var x) t (Var x) 
| VarRCP x t : is_common_part t (Var x) (Var x) 
| CstCP c : is_common_part (Cst c) (Cst c) (Cst c) 
| ConCP f l1 l2 l r1 r2 r : is_common_part l1 l2 l -> is_common_part r1 r2 r 
                         -> is_common_part (Con f l1 r1) (Con f l2 r2) (Con f l r). 

Finally, the unification algorithm itself is defined as an inductive predicate, too, in order to separate 
the termination proof from the correctness proofs. The termination proof is encoded directly in Rocq 
as was presented in the text. 
Table 1. The correspondence between mentioned objects and statements in the Rocq implementation. 
term, inf_term, inf_term_eq Term, infinite term and bisimilarity of infinite terms 
inf_subterm 𝑠𝑢𝑏𝑡𝑒𝑟𝑚𝑠 ∶ 𝑇ஶ → 2்ಮ  as a predicate 
is_rational_term 𝑇ோ as a predicate 
term_to_inf_rational 𝑇 ⊂ 𝑇ோ 
inf_subst, inf_subst_empty, 
inf_subst_singleton, inf_subst_dom, 
inf_image 

Substitution: type, empty and singleton instances, 𝑑𝑜𝑚 ∶ Σ →2𝕍 and the functional representation (image) 
inf_subst_apply Substitution application 
is_rational_subst Rational substitution 

inf_subst_apply_rational Claim “application of a rational substitution to a rational term 
gives a rational term” 

inf_subst_recursive_unifier Lemma 2.1 “Recursive unifier” 
inf_subst_eq Equivalence of substitutions 
inf_subst_compose, 
inf_subst_compose_spec, 
inf_subst_compose_empty_l, 
inf_subst_compose_empty_r, 
inf_subst_compose_assoc 

Substitution composition: definition, universal property and 
monoidal properties 

inf_subst_more_general, 
inf_subst_more_general_refl, 
inf_subst_more_general_trans, 
inf_subst_more_general_not_antisym 

“To be more general” relation and preorder structure 

inf_unifier, inf_unifier_more_general “Unifier” property and its connection with the previous ones 
inf_unifying_extension, inf_mgu, 
inf_min_unifying_extension, 
inf_min_unifying_extension_same, 
inf_min_unifying_extension_empty 

“Unifying extension”, “minimal unifying extension”, “MGU” 
and relations between them 
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inf_min_unifying_extension_unbound Lemma 2.2 

eqsys, eqsys_lookup Low-level representation of equation systems as a finite 
mapping discussed above 

is_eqsys_root, eqsys_roots, 
eqsys_roots_num 𝑟𝑜𝑜𝑡𝑠௑ ∶ Ξ → 2𝕍 
term_nonvar_size, 
eqsys_rhs_nonvar_size, 
eqsys_nonvar_size_hlp, 
eqsys_nonvar_size 

𝑠𝑖𝑧𝑒 ∶ 𝑇 → ℕ 𝑠𝑖𝑧𝑒 ∶ Ξ → ℕ 

eqsys_walk_result, eqsys_walkable, 
eqsys_well_formed 

Well-formedness property of the low-level representation: there 
are no infinite (cyclic) chains of variables 

wf_eqsys Equation system: low-level representation with a well-
formedness proof 

eqsys_empty, eqsys_empty_well_formed, 
wf_eqsys_empty Empty equation system 
eqsys_walk_hlp, eqsys_walk_aux, 
wf_eqsys_walk 𝑤𝑎𝑙𝑘 ∶ Ξ × 𝕍 → ℰ × 𝑇 
wf_eqsys_image_hlp, wf_eqsys_image, 
wf_eqsys_apply, wf_eqsys_to_subst ⟦∙⟧ ∶ Ξ → Σ 
eqsys_subterms, 
wf_eqsys_inf_subterms, 
wf_eqsys_to_subst_rational 

Theorem 3.1 

is_common_part, common_part_aux, 
common_part 𝑐𝑜𝑚𝑚𝑜𝑛_𝑝𝑎𝑟𝑡 ∶ 𝑇 × 𝑇 → 𝑇? as a predicate and a function 
is_common_part_sym, 
is_common_part_inf_unifiable, 
is_common_part_inf_unifiable_inv 

Main properties of 𝑐𝑜𝑚𝑚𝑜𝑛_𝑝𝑎𝑟𝑡 
eqsys_union, eqsys_union_well_formed, 
wf_eqsys_union_aux, wf_eqsys_union 𝑢𝑛𝑖𝑜𝑛 ∶ Ξ × 𝕍 × 𝕍 → Ξ × (𝑇 × 𝑇)? 
wf_eqsys_union_spec, 
wf_eqsys_union_prop All mentioned properties of 𝑢𝑛𝑖𝑜𝑛 
rational_unify_vt_spec, 
rational_unify_vt_impl, 
rational_unify_vt_impl_well_formed, 
rational_unify_vt_aux, 
rational_unify_vt, 
rational_unify_vt_prop 

Lines 8-14 of the definition of unify ∶ Ξ × 𝑇 × 𝑇 → Ξ? and their 
relevant properties; “vt” stands for “variable-term” 

rational_unification Definition of unify ∶ Ξ × 𝑇 × 𝑇 → Ξ? as a predicate 
rational_unification_correct Theorem 3.2 “Soundness” 
rational_unification_complete Theorem 3.3 “Completeness” 

rational_unification_result_vars Claim “if unify(𝜉, 𝑡ଵ, 𝑡ଶ) = 𝜉ᇱ ≠ ⊥, then 𝑣𝑎𝑟𝑠(𝜉ᇱ) ⊆𝑣𝑎𝑟𝑠(𝑡ଵ) ∪ 𝑣𝑎𝑟𝑠(𝑡ଶ) ∪ 𝑣𝑎𝑟𝑠(𝜉)” 
rational_unification_system_size 𝑠𝑖𝑧𝑒௑ ∶ Ξ → ℕ × ℕ 
rational_unification_cost 𝑐𝑜𝑠𝑡 ∶ 𝑇 × 𝑇 → ℕ 
rational_unification_cost_sym, 
rational_unification_cost_common_part Properties of 𝑐𝑜𝑠𝑡 
rational_unification_task 𝒯 = Ξ × 𝑇 × 𝑇 
rational_unification_size 𝑠𝑖𝑧𝑒௑ ∶ 𝒯 → ℕ × ℕ  
rational_unification_recursive_call ⇝௑  
rational_unification_recursive_call 
_well_founded Lemma 3.1 “⇝௑  is well-founded” 
rational_unification_task_xs, 
rational_unification_exists_hlp, 
rational_unification_exists_aux, 
rational_unification_exists 

Theorem 3.4 “Termination” 
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5. Related Work 
Rational terms have been studied extensively from the formulation of the notion [1] to the 
development of unification algorithms. Although there are many works [8-9, 17-18] presenting 
algorithms for first-order unification of rational terms, they all follow one of two possible 
approaches: either as in Huet’s algorithm [8] or as in Martelli and Rossi’s algorithm [9]. The first 
approach is to accumulate in the intermediate state a set of equivalences between input terms and 
the second is to accumulate equivalences between variables only, simplifying more complex terms 
if needed. 
While the first approach works well when we may assign a unique index to every term (or use a 
mutable variable inside it), it does many “dereference” operations and only grows the intermediate 
state which poorly affects any “truly” persistent (e.g., immutable) representation of the intermediate 
state. In contrast, the second approach requires only “dereferencing” of variables that is needed a 
priori to perform a unification efficiently (e.g., using triangular substitutions) and reduces the 
intermediate state when it is needed to prevent infinite looping. These differences allow us to deal 
with a truly persistent representation of the intermediate state faster than in the first approach. 
Although the correctness and termination of both approaches have been proven before, there is no 
mechanized specification in an automated proof checking system for any of them (at least available 
publicly). The most related work from this point of view is Spadotti’s PhD thesis [19] providing a 
mechanized specification of rational trees in a coinductive and a syntactic manner, and proofs of 
their equivalence. However, this work is focused on equivalence theories and mechanization itself 
and doesn’t refer to the unification problem. 
Also, there are many works which address more than first-order unification: second-order [6], 
higher-order [20], etc. These works generally either directly rely on the first-order unification of 
rational terms [6] or at least deal with similar notions such as equivalence classes and representing 
variables [20]. The core principles (discussed above) established by the pioneers are mostly staying 
unchanged. 
The work of Rozplokhas et al. [14] is not directly connected to this work but is supported by a 
mechanized proof in Rocq and is related to relational programming which is known to require a truly 
persistent representation of the intermediate state due to utilization of the interleaving search 
procedure. In their work, which was a starting point for this research, the notions related to the 
unification were borrowed from the classical works such as [21]. 

6. Conclusion and Future Work 
In this paper we presented a certified unification algorithm for rational terms based on the work of 
Martelli and Rossi [9]. The algorithm operates on equation systems as an intermediate state, and its 
correctness and termination have been formally verified in the Rocq proof assistant. The 
implementation is done in a practical-oriented style to simplify porting to other programming 
languages with a confidence of correctness. The full source code of the verification is provided. 
The future work may include an experimental performance evaluation of our algorithm versus 
Huet’s algorithm [8] in the context of persistent intermediate state representations. Additionally, the 
current Rocq implementation does not expose which variable bindings were added during the 
unification; this limitation prevents its direct using for formalizing of disunification and will be 
addressed in future. 
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