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Abstract. Activation functions play a critical role in shaping both the robustness and effective capacity of neural 
networks, yet their impact can vary across architectural settings. This work investigates how activation design and 
simple training strategies influence model behavior under fixed parameter budgets, implemented in a custom C++ 
experimental framework. We consider two complementary approaches. First, we study non-monotonic gradient-
preserving activation functions combined with an Equivalent Exchange (EqEx) training heuristic for fully 
connected networks. Second, we introduce a non-monotonic gradient-preserving activation variant aimed at 
improving training dynamics in convolutional architectures. Empirical evaluation on MNIST shows that EqEx with 
non-monotonic activations reduces the success rate of the evaluated targeted gradient-based input synthesis 
procedures by up to 37% for Carlini-Wagner L2 and 29% for the Basic Iterative Method, while maintaining 
comparable or slightly improved accuracy (up to +0.6%-0.8% accuracy improvement depending on configuration) 
under equal parameter budgets. On CIFAR-10, the proposed activation demonstrates improved optimization 
behavior, achieving higher accuracy (70.8%) compared to Leaky-ReLU (68.7%) and symmetric/mirrored 
activation variants (68.0%), approaching the performance of models with twice the number of channels (71.8%). 
These results suggest that different activation design principles are effective in different regimes: non-monotonicity 
combined with structured training improves robustness against the input synthesis in fully connected networks, 
while preserving gradient flow is more beneficial for convolutional architectures. Overall, activation design 
provides a lightweight mechanism for reducing the success rate of targeted input synthesis and improving effective 
capacity without increasing inference cost. 
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Аннотация. Функции активации играют критически важную роль в формировании как устойчивости, так 
и эффективной ёмкости нейронных сетей, однако их влияние может существенно различаться в 
зависимости от архитектурных условий. В данной работе исследуется, как дизайн функций активации и 
простые стратегии обучения влияют на поведение модели при фиксированном числе параметров, 
реализованные в рамках собственного экспериментального C++ фреймворка. Рассматриваются два 
взаимодополняющих подхода. Во-первых, изучаются немонотонные функции активации с сохранением 
градиента, объединённые с эвристикой обучения Equivalent Exchange (EqEx) для полносвязных сетей. Во-
вторых, предлагается немонотонный вариант функции активации с сохранением градиента, направленный 
на улучшение динамики обучения в сверточных архитектурах. Эмпирическая оценка на наборе MNIST 
показывает, что EqEx в сочетании с немонотонными активациями снижает успешность процедур целевого 
синтеза входов на величину до 37% для Carlini-Wagner L2 и до 29% для Basic Iterative Method при 
сохранении сопоставимой или слегка улучшенной точности (до +0.6–0.8% в зависимости от конфигурации) 
при одинаковом бюджете параметров. На CIFAR-10 предложенная активация демонстрирует улучшенную 
динамику оптимизации, обеспечивая более высокую точность (70.8%) по сравнению с Leaky-ReLU (68.7%) 
и симметричными/зеркальными вариантами активаций (68.0%), приближаясь к результатам моделей с 
вдвое большим числом каналов (71.8%). Полученные результаты указывают, что различные принципы 
проектирования функций активации эффективны в разных режимах: немонотонность в сочетании со 
структурированным обучением улучшает устойчивость к исследованным атакам в полносвязных сетях, 
тогда как сохранение градиентного потока оказывается более важным для сверточных архитектур. В целом, 
дизайн функций активации представляет собой «лёгкий» механизм снижения успешности целевого синтеза 
входов и повышения эффективной ёмкости без увеличения вычислительных затрат на этапе инференса. 

Ключевые слова: функции активации; немонотонные активации; обмен с эквивалентом; Бессмертный 
ReLU; устойчивость; устойчивость к синтезу входов; градиентный поток; сверточные нейронные сети 

Для цитирования: Сентюрев М.А., Макаров И.А. О разработке функций активации для повышения 
эффективной ёмкости и устойчивости нейронных сетей. Труды ИСП РАН, 2026, том 38, вып. 6, часть 2, 
стр. 147–162 (на английском языке). DOI: 10.15514/ISPRAS–2026–38(6)–30. 

1. Introduction 
Neural networks are typically evaluated under a trade-off between predictive performance, robustness, 
and computational cost. In practical deployments, model size and inference cost are often fixed due to 
hardware or latency constraints, which limits the use of larger architectures as a solution to performance 
improvements. As a result, improvements must often come from more efficient design choices within a 
fixed parameter budget. 
Activation functions play a critical role in determining gradient flow, effective capacity per unit, and 
training stability, yet they are often treated as a secondary design choice compared to architecture 
scaling. This raises the question of whether carefully designed activation functions, combined with 
training strategies, can improve both accuracy and robustness without increasing model complexity. 
In this work, we investigate this question from two complementary perspectives. For fully connected 
networks, we introduce non-monotonic activation functions combined with Equivalent Exchange 
(EqEx), an algorithm for transferring weights between equivalent monotonic and non-monotonic 
network representations. In our experiments, EqEx is applied once during training (after an initial pre-
training phase), allowing the model to benefit from stable monotonic optimization before transitioning 
to a non-monotonic representation. For convolutional networks, we focus on the role of gradient-
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preserving (“immortal”) activation functions, including their non-monotonic variants, applied directly 
without EqEx. In this setting, maintaining gradient flow is critical for stable optimization, and immortal 
activations improve learning dynamics compared to both standard ReLU and symmetric activation 
functions [1]. 

2. Related Work 
There are several research directions that modify activation functions or training procedures to improve 
neural network performance, robustness, or optimization stability. 

2.1 Activation function design 
Zhao et al. [1] introduce symmetric activation functions that suppress unusually large internal 
activations, improving robustness against adversarial and noisy inputs while maintaining clean 
accuracy. 
Misra [2] introduces Mish, a smooth non-monotonic activation function defined as 𝑥 ⋅tanh(softplus(𝑥)). Mish improves optimization stability and generalization, demonstrating that 
carefully designed non-monotonic activations can outperform ReLU-based variants on vision 
benchmarks. 
He et al. [3] propose PReLU, a learnable variant of ReLU that adapts the negative slope during training. 
Combined with a rectifier-aware initialization scheme, their approach enables stable training of very 
deep networks and improves ImageNet classification performance. 
Ramachandran et al. [4] propose a method for automatically searching activation functions, discovering 
Swish, a smooth non-monotonic activation that improves performance across deep architectures with 
minimal architectural modifications. 

2.2 Network transformation and representation transfer 
Chen et al. [5] propose Net2Net, a knowledge transfer method that accelerates training by transforming 
a trained network into a larger one while approximately preserving its function. This enables efficient 
initialization of deeper or wider models without retraining from scratch. 
Wei et al. [6] introduce Network Morphism, a framework for continuously transforming neural network 
architectures while preserving functionality, enabling efficient reuse of learned representations across 
model variants. 

2.3 Additional related approaches 
Additional work explores adaptive, stochastic, and task-dependent activation functions, including 
attention-based nonlinearities and automated activation optimization methods [7-15]. 

2.4 Discussion 
Prior work primarily focuses either on designing improved activation functions or on transforming 
network representations while preserving learned behavior. Activation-function research has explored 
learnable rectifiers, smooth non-monotonic nonlinearities, symmetry-based robustness mechanisms, 
and automatically discovered activation forms. Separately, representation-transfer methods such as 
Net2Net and Network Morphism investigate how trained networks can be transformed without 
restarting optimization from scratch. 
In contrast, this work combines both directions. We study non-monotonic gradient-preserving 
activations together with Equivalent Exchange (EqEx), a procedure that transfers weights between 
monotonic and non-monotonic representations during training. Unlike architecture-morphism 
approaches, EqEx focuses on transitions between activation representations rather than changes in 
network depth or width. 
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In addition, we investigate gradient-preserving (“immortal”) activations that maintain non-zero 
gradients in inactive regions, improving optimization stability in convolutional networks. Our results 
suggest that the effectiveness of activation design depends strongly on architectural context. In fully 
connected networks, non-monotonic activations benefit from structured representation transfer during 
training, while in convolutional architectures, gradient-preserving non-monotonic activations can 
improve optimization behavior directly. 

3. Method 

3.1 Overview 
This work studies how activation function design and training procedures jointly influence neural 
network robustness and effective capacity. The proposed method consists of two key components: 

• Gradient-preserving activation functions (Immortal ReLU and its variants), 
• Equivalent Exchange (EqEx), a weight-transfer algorithm between monotonic and non-

monotonic representations. 
The overall training procedure follows a staged approach: the model is first trained using a monotonic 
(or gradient-preserving) activation, after which EqEx is applied once to obtain a non-monotonic 
representation. Training then continues in the non-monotonic space. 

3.2 Immortal ReLU 
Standard ReLU may lead to inactive neurons that stop contributing to learning (“dying ReLU” [16]). 
Existing approaches such as Leaky-ReLU [17] and PReLU [3] address this issue by preserving gradient 
flow in the negative region. 
This work proposes a ReLU variant with separate definitions for the forward value and backward 
derivative. The proposed activation preserves the exact sparse output and computational simplicity of 
standard ReLU - max(0,𝑥) - while maintaining non-zero gradients for inactive neurons, improving 
trainability similarly to Leaky-ReLU-based approaches. 
The forward pass remains identical to ReLU: 𝑦 =  max(0, 𝑥) 
However, the backward pass is modified: 𝑑y𝑑x = ൜1, x > 0hୣ୰୰୭୰, otherwise 

where ℎ௘௥௥௢௥ is defined as: hୣ୰୰୭୰ = ℎ௖ ൜1, 𝑒𝑟𝑟𝑜r < 0𝑓𝑎𝑐𝑡𝑜𝑟, otherwise  

Here, 𝑒𝑟𝑟𝑜𝑟 denotes the back-propagated error; the sign convention depends on the definition of the 
loss function. For example, 𝑙𝑜𝑠𝑠 >  0 may correspond to a required update in the negative direction. 
The parameter factor is a small positive value controlling growth in the zero-output region (𝑓𝑎𝑐𝑡𝑜𝑟 > 0, typically 𝑓𝑎𝑐𝑡𝑜𝑟 ≈  0). The constant ℎ௖ ∈  [0.01, 0.1] defines the derivative magnitude in ReLU’s 
negative region (like Leaky-ReLU [17]), while ℎ௘௥௥௢௥ denotes the final overridden derivative value. 
An important implementation detail is the decay of ℎ௘௥௥௢௥ during backpropagation. Specifically, when 
gradients propagate from an iReLU layer to layers that do not support derivative overrides (e.g., from 
iReLU to Leaky-ReLU), the overridden derivative is multiplied by a fading coefficient. This fading is 
applied only during gradient propagation beyond the iReLU layer; local weight optimization inside the 
iReLU layer still uses the original non-faded derivative. 
During backpropagation, overridden derivatives are attenuated when gradients propagate into layers 
that do not support derivative overrides. This stabilization mechanism prevents uncontrolled gradient 
amplification across heterogeneous activation stacks while preserving the local optimization behavior 
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of iReLU layers. In practice, attenuation is implemented using a multiplicative fading coefficient 
applied only outside the originating iReLU layer. 

3.3 Non-Monotonic Activation Functions 
To increase effective capacity per neuron, we introduce non-monotonic activation functions. 
A Leaky-ReLU-based [17] variant is defined as: nmReLU(𝑥) = max൫−|𝑥| + 𝛽,𝛼(−|x| + 𝛽)൯  

Here: 𝛼 ∈  (0,1) is the Leaky-ReLU negative slope [17], 𝛽 >  0 controls the peak value. 
An advanced variant based on iReLU is: nmiReLU(𝑥)  =  max( −|𝑥|  +  𝛽 , 0 ) 

These functions introduce controlled non-monotonicity, allowing a single neuron to represent more 
complex patterns (e.g., XOR-like behavior). 

3.4 Equivalent Exchange 

3.4.1 Motivation 
Non-monotonic activations increase expressiveness but make optimization more difficult due to 
increased non-convexity. To address this, we introduce Equivalent Exchange (EqEx), which enables 
training in a more stable monotonic space before transitioning learned weights to a non-monotonic 
representation. Weights optimized in a monotonic representation are generally suboptimal for non-
monotonic activations due to differences in gradient structure and optimization landscapes; thus, the 
purpose of the equivalent representation is not to produce final weights directly, but to simplify 
optimization of the target non-monotonic network. In all cases, projection is followed by additional 
training in the non-monotonic space. 
Although EqEx temporarily employs an expanded equivalent representation during optimization, the 
final deployed model preserves the original inference-time architecture and parameter budget. The 
equivalent decomposition further suggests that a single non-monotonic neuron may encode behaviors 
that would otherwise require multiple monotonic neurons, potentially increasing expressive efficiency 
and effective capacity under fixed inference-time constraints. 

3.4.2 Equivalent Representation 
The equivalent representation uses two monotonic neurons to approximate a single non-monotonic 
neuron. The intuition is that a non-monotonic activation can be decomposed into two complementary 
monotonic responses, corresponding to positive and negative correlation regimes. One neuron captures 
features aligned with the input, while the second models an inverted (anti-correlated) response. Their 
combination allows the equivalent system to approximate non-monotonic behaviors such as input-
dependent change in effective response direction and XOR-like patterns, which cannot be represented 
by a single monotonic unit. 
A non-monotonic neuron: 𝑦 = nmiReLU൭𝑤଴ + ෍ 𝑥௜௜ୀଵ..|௅| 𝑤௜൱  

can be approximated using two monotonic neurons: 𝑦ො = iReLU൭𝑤଴௙ + ෍ 𝑥௜௜ୀଵ..|௅| 𝑤௜௙൱ + iReLU൭−𝑤଴௦ + ෍ −௜ୀଵ..|௅| 𝑥௜𝑤௜௦൱ 
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Here: 𝑤௙ and 𝑤௦ are weights of the equivalent pair. It is noticeable that the sign for the 𝑤௦ has a nominal 
value, since it can be leveled during training. However, it is useful for a better initialization of the 
weights. 
A non-monotonic neuron and equivalent representation are connected by the following expression: 𝑦 ≈  ŷ +  𝛿 
Here 𝛿 represents projection error. 

3.4.3 Practical Considerations 
In practice, we use a bounded gradient-preserving activation (ilReLU) as the monotonic base: ilReLU(𝑥)  =  max( 0 , min(𝑥,𝛽) ) 
This improves compatibility with nmiReLU by matching output ranges, reducing projection error. 

3.4.4 Exchange algorithm V2 
EqEx V2 defines a mapping from the equivalent representation (𝑤௙ ,𝑤௦) to a non-monotonic weight 𝑤௡௠ as follows: 𝑤௜ୀଵ..|௅|௡௠ = 12 ቊ𝑤௜௙ − 𝑤௜௦, spread൫𝑤௜௙,𝑤௜௦൯ > 𝜇ห𝑤௜௙ห + |𝑤௜௦|, spread൫𝑤௜௙,𝑤௜௦൯ ≤ 𝜇  

𝑤଴௡௠ = ൫𝑤଴௙ − 𝑤଴௦൯2 − 𝛽  

spread(𝑤௙ ,𝑤௦) = ቆ min൫ห𝑤௙ห, |𝑤௦|൯max(|𝑤௙|, |𝑤௦|) + 𝜖ቇଶ ⋅ sign(𝑤௙𝑤௦)  

Here: 𝑤଴௡௠ is a bias weight of non-monotonic representation, 𝑤௜ୀଵ..|௅|௡௠  is inputs weights of non-
monotonic representation, 𝜇 is a threshold parameter (common value is 𝜇 ≈  −0,5), 𝜀 ≈  10ି଼ ensures 
numerical stability. 
This mapping distinguishes between: complementary (anti-correlated) weights and aligned weights 
(additive). Anti-correlated equivalent weights indicate that the two monotonic neurons respond to 
opposing input patterns, corresponding to non-monotonic or XOR-like behavior. In this case, the 
subtraction term preserves the contrast between the two responses. Conversely, aligned weights indicate 
cooperative activation behavior, where additive combination better preserves the equivalent 
representation after projection. 
This version of EqEx is applied once after an initial equivalent training phase (rewrites non-monotonic 
weights). After projection, training continues in the non-monotonic space to refine weights and reduce 
approximation error δ. 

3.4.5 Exchange algorithm V4 
EqEx V4 extends the equivalent exchange by introducing joint training of the equivalent (monotonic) 
and non-monotonic representations. 
Unlike EqEx V2, where exchange is applied once after pretraining, EqEx V4 introduces periodic 
synchronization between equivalent and non-monotonic representations during training, enabling more 
stable optimization under noisy gradient updates. 
The procedure consists of four steps: (1) neuron matching, (2) bias alignment, (3) regime-based weight 
transfer, and (4) parameter update. Some details have been omitted so as not to overload this section. 
Neuron Matching. At each synchronization step, neurons in the equivalent and non-monotonic networks 
are matched based on similarity of their outputs over a mini-batch. We use cosine similarity as the 
matching criterion. A one-to-one assignment is then computed by maximizing total similarity. 
Bias Alignment. Induced non-monotonic bias: 
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𝑤଴௕௔௥   =  (𝑤଴௙  +  𝑤଴௦) / 2 𝑤଴௡௠ෞ  = 𝑤଴௕௔௥  −  𝛽 

Here: β is the same offset parameter used in the non-monotonic activation function, 𝑤଴௡௠ෞ is target bias 
values from equivalent. 
Regime-Based Weight Transfer. For each matched weight pair൫w௜୤, w୧ୱ൯, a structural similarity measure 𝑠 is computed using a spread function: 𝑠 =  spread൫w௜୤, w୧ୱ൯ 
The three transfer regimes correspond to different interaction patterns between equivalent neurons: 
cooperative activation (linear regime), dominance of one representation (dominant regime), and 
strongly complementary or anti-correlated behavior (XOR-like regime). 
Based on 𝑠, weights are updated according to three regimes (𝜇 is the same as in EqEx-V2): 

• Linear regime (s >  0): 𝑤௜௡௠ෞ =  𝑤௜௙  +  𝑤௜௦ 
• Dominant regime (𝑠 > 𝜇 ∧ 𝑠 ≤  0): 𝑤௜௡௠ෞ =  ቊ𝑤௜௙,   ห𝑤௜௙ห ≥ |𝑤௜௦|𝑤௜௦,   ห𝑤௜௙ห < |𝑤௜௦| 
• XOR-like regime (𝑠 ≤  𝜇): 𝑤௜௡௠ෞ →  𝛽 and equivalent weights are adjusted to enforce 

approximate anti-correlation between representations (i.e., 𝑤௜௙ ≈ − 𝑤௜௦) rather than using 
direct projection. 

Update Rule. The non-monotonic weights are updated as: 𝑤௜௡௠  =  𝑤௜௡௠ − ቀ𝛾2ቁ ∗ (𝑤௜௡௠  −  𝑤௜௡௠ෞ ) 

Here: 𝛾 is exchange intensity parameter (like learning rate). Equivalent weights receive corresponding 
corrections depending on the regime. 
Statistical Stabilization. Batch statistics (mean and variance of activations) are used to normalize 
differences between representations, ensuring that bias and weight scaling remain consistent after 
exchange. 

4. Experimental Setup 

4.1 Datasets 
We evaluate the proposed methods on two standard benchmarks: MNIST [18] and CIFAR-10 [19]. 
MNIST consists of grayscale handwritten digit images of size 28×28, used for evaluating fully 
connected architectures. CIFAR-10 contains natural color images of size 32×32×3 across 10 classes and 
presents a more challenging setting for convolutional networks. 

4.2 Architectures 

4.2.1 Fully Connected Networks (MNIST) 
For MNIST experiments, we use fully connected networks with the following structure: 

• input layer of size 784, 
• first hidden layer with 32 or 64 neurons, 
• second hidden layer with 16 neurons, 
• output layer with 10 neurons and softmax activation. 

All configurations share identical architecture except for activation functions and EqEx usage. 
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4.2.2 Convolutional Networks (CIFAR-10) 
To examine whether activation-induced effects generalize to more complex visual domains, we evaluate 
compact convolutional architectures on CIFAR-10. 
Each network consists of four convolutional layers followed by a dense classification head: 

• input:  32×32×3, 

• convolution (16/32 channels, 3×3), activation, 

• convolution (16/32 channels), activation, 

• 2×2 max pooling, 

• convolution (32/64 channels), activation, 

• convolution (32/64 channels), activation, 

• 2×2 max pooling, 

• flattening, 

• dense layer (128/256 neurons), 

• linear logits (10), softmax output. 

The Leaky-ReLU networks naming convention reflects layer sizes. For example, ReLU-16/32/128 
denotes 16 and 32 channels in convolutional blocks and 128 neurons in the dense layer. A larger 
configuration (ReLU-32/64/256) approximately doubles the number of parameters. 

4.3 Evaluation Protocol 
For MNIST inputs are normalized to [0,1]; batch size: 64; optimizer: Adam [20] with learning rate 10ିଷ; training duration: 10 epochs. EqEx-V2 or EqEx-V4 is applied once after an initial pre-training 
phase (2 epochs), after which training continues in the non-monotonic representation. The evaluation 
considers targeted gradient-based input synthesis. Unlike conventional adversarial evaluation, the 
synthesis starts from a randomly generated input vector rather than a test-set sample and uses a randomly 
selected target label. Two white-box gradient-based input synthesis procedures are evaluated: Carlini-
Wagner L2 (CW-L2) [21]; Basic Iterative Method (BIM) [22] (an extension of FGSM [23]). In this 
experiment, robustness refers to the resistance of the model to targeted input synthesis. For each trained 
model, 128 independent synthesis attempts are conducted, and the targeted input synthesis success rate, 
defined as the fraction of attempts that reach the selected target label, is recorded. 
For CIFAR-10 standard per-channel normalization (mean subtraction and division by standard 
deviation); optimizer: Adam [20] with learning rate 10ିଷ; batch size: 32; training duration: 10 epochs. 
No data augmentation, weight decay, or dropout is applied, in order to isolate the effect of activation 
functions on optimization and performance. All results are averaged over multiple independent runs 
with different random seeds. 

4.4 Activation Configurations 
We evaluate several activation configurations: Leaky-ReLU (baseline); Immortal ReLU (iReLU); non-
monotonic variants (nmReLU, nmiReLU); nmiReLU with EqEx (for fully connected networks). 
For MNIST, both direct non-monotonic training and EqEx-based training are evaluated. 
For CIFAR-10, EqEx is not applied due to architectural constraints, and activation functions are used 
directly. 
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5. Results 

5.1 MNIST 

5.1.1 Configurations 
The following configurations were evaluated: 

1. ReLU-64, the network using Leaky-ReLU was trained using a hidden layer of size N = 64 for 
the 10 epochs. 

2. ReLU-32, the network using Leaky-ReLU was trained using a hidden layer of size N = 32 for 
the 10 epochs. 

3. iReLU-32, the network like ReLU-32 but on "Immortal" ReLU was trained using a hidden 
layer of size N = 32 for the 10 epochs. 

4. nmReLU-JN, the network on "non-monotonic" ReLU was trained directly (with no equivalent 
phase, just non-monotonic), N = 32 for the 10 epochs. 

5. nmiReLU-JN, the network on "non-monotonic immortal" ReLU was trained directly (with no 
equivalent phase training, just non-monotonic), N = 32 for the 10 epochs. 

6. nmiReLU-EQ-V2, a two-phase training was employed: initially, a network with ilReLU 
activation and a hidden layer of size N = 64 was trained for 2 epochs. The learned parameters 
were then projected with EqEx-V2 onto a non-monotonic network based on nmiReLU 
activation function with a reduced hidden layer size of N = 32, after which training continued 
for an additional 8 epochs. The projection procedure used the spread metric with a threshold 
value of -0.4. 

7. nmiReLU-EQ-V4, a two-phase training similar to nmiReLU-EQ-V2 (6), except that first 2 
epochs equivalent and non-monotonic networks are trained simultaneously and that projection 
is performed by EqEx-V4. 

5.1.2 Training Results 
Here we compare the final performance on the test set. As shown in Fig. 1, the configurations exhibit 
noticeable differences in both accuracy and convergence behavior. The corresponding numerical results 
are summarized in Table 1. ReLU-32 also exhibits higher variance across runs, reflected in its larger 
standard deviation. The correlation between accuracy and F1-score exceeded 0.999 for all 
configurations. 

 
Fig. 1. Accuracy value density of ReLU-32, nmiReLU-EQ-V2, ReLU-64 (kernel density). 

Thus, the two-phase training in nmiReLU-EQ-V2 appears to enhance the capacity of its internal 
representation. Depending on the baseline, this manifests as a slight decrease relative to ReLU-64 (−0.5%) or as an increase relative to ReLU-32 (+0.6%). Taken together, the results suggest that 
nmiReLU-EQ-V2 attains greater effective capacity and, consequently, higher internal entropy for the 
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same parameter budget. Setup 7 (nmiReLU-EQ-V4) shows even greater accuracy with the same 
inference cost, but requires more computation time at the training stage. 
Table 1. Numerical results of accuracy in MNIST experiments. 

Criteria Name Results 
Setup 1 Setup 7 Setup 6 Setup 2 

Activation Function Leaky-ReLU ilReLU=>nmiReLU ilReLU=>nmiReLU Leaky-ReLU 
Layer N size 64 64 => 32 64 => 32 32 

Epochs 10 2 => 8 2 => 8 10 
Accuracy (%) 96.724 96.411 96.208 95.649 

Variance (Acc) 0.0338 0.0342 0.0387 0.0584 
SD (Acc) 0.184 0.185 0.197 0.241 

Next, we can compare the training results of ReLU-32 and iReLU-32, which proved to be very similar: 
on average, 95.649% and 95.613%, respectively, with standard deviations of 0.242 and 0.243. The 
corresponding distributions are shown in Fig. 2. Although ReLU-32 achieved slightly higher accuracy, 
the practical difference between the configurations is small. A Mann-Whitney [24] test nevertheless 
indicated statistical significance (𝑝 <  0.001), suggesting that the observed difference is consistent 
across runs. Despite this, iReLU remains preferable in settings involving equivalent exchange, since its 
gradient-preserving behavior enables optimization of the target non-monotonic representations. 
Training results were compared for nmReLU-JN, nmiReLU-JN, and nmiReLU-EQ-V2, with average 
accuracies of 95.824% (standard deviation is 0.199), 95.814% (standard deviation is 0.206), and 
96.208% (standard deviation is 0.197), respectively. As shown in Fig. 3, directly trained non-monotonic 
activations outperform ReLU-32, while EqEx-based training further improves performance under the 
same final architecture. This suggests that the equivalent monotonic representation simplifies 
optimization of non-monotonic networks and improves access to more effective solutions. 

 
Fig. 2. Accuracy value density of ReLU-32 and iReLU-32 (kernel density). 

 
Fig. 3. Accuracy value density of ReLU-32, nmReLU-JN, nmiReLU-JN, nmiReLU-EQ-V2. 
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5.1.3 Learning Dynamics 
To further analyze optimization behavior beyond final performance, we examine training dynamics over 
20 epochs. Fig. 4 shows the evolution of train accuracy and Fig. 5 shows the evolution of test accuracy 
for different activation configurations, including direct non-monotonic training (nmReLU-JN, 
nmiReLU-JN), standard baselines (ReLU-32, ReLU-64), and EqEx-based methods (nmiReLU-EQ-V2, 
nmiReLU-EQ-V4). The bold line on the figures shows the weighted value for several launches, and the 
translucent area of the corresponding color is one standard deviation. For Fig. 4 note that the accuracy 
and F1 are highly-correlated. 
All configurations demonstrate rapid initial learning within the first 3-5 epochs, followed by a slower 
convergence phase. However, clear differences emerge in both convergence stability and final 
performance. 

 
Fig. 4. MNIST train accuracy and F1 curves (different scale) over batches. 

 
Fig. 5. MNIST test accuracy curve over epochs. 

Directly trained non-monotonic models exhibit fast early improvement, but their optimization becomes 
unstable in later epochs. In particular, while training accuracy continues to increase, test accuracy tends 
to plateau or degrade, indicating overfitting and reduced generalization stability. As a result, their final 
performance remains below that of baseline ReLU models in later stages of training. 
ReLU-based models show stable and predictable convergence behavior. ReLU-64 achieves the highest 
overall performance, while ReLU-32 converges more slowly and to a lower accuracy level, reflecting 
the effect of reduced effective capacity. 
EqEx-based methods demonstrate improved optimization behavior compared to direct non-monotonic 
training. In particular, nmiReLU-EQ-V2 achieves consistently higher accuracy early in training and 
maintains a stable advantage over direct non-monotonic variants throughout optimization. The 
nmiReLU-EQ-V4 variant further improves stability, exhibiting smoother learning curves and reduced 
performance degradation associated with the representation transfer step. In comparison to V2, V4 
shows a smaller post-exchange accuracy drop, indicating improved alignment between monotonic and 
non-monotonic representations. 
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Overall, these results suggest that non-monotonic activations alone may introduce optimization 
instability, while the EqEx procedure mitigates these effects by providing a structured transition 
between representations. This leads to more stable convergence behavior and improved final 
performance. 

5.1.4 Input Synthesis Evaluation 
First, consider the ReLU-32 configuration separately. For ReLU-32, Carlini-Wagner L2 (CW-L2) 
targeted input synthesis achieved a 99.685% success rate (standard deviation 1.426), while the Basic 
Iterative Method (BIM) achieved 99.987% (standard deviation 0.1). Thus, both evaluated gradient-
based synthesis procedures were highly successful for ReLU-32. 
For CW-L2, targeted input synthesis success rates on non-monotonic variants were as follows: 60.109% 
(standard deviation 10.156) for nmReLU-JN, 60.139% (standard deviation 10.342) for nmiReLU-JN, 
and 63.213% (standard deviation 13.01) for nmiReLU-EQ-V2 (Fig. 6). The nmReLU-JN and 
nmiReLU-JN plots are similar, while nmiReLU-EQ-V2 shows a wider spread across the distribution. 
The higher synthesis success rate of nmiReLU-EQ-V2 may be related to its lower non-monotonicity 
utilization (12.2% compared to about 17% utilization with nmReLU-JN and nmiReLU-JN). Although 
nmReLU-JN and nmiReLU-JN reduce synthesis success, their training is less controllable - potentially 
resisting not just input synthesis, but also effective learning (it was shown in learning dynamics section). 
For BIM, targeted input synthesis success rates on non-monotonic variants were: 80.996% (standard 
deviation 13.35) for nmReLU-JN, 83.247% (standard deviation 13.155) for nmiReLU-JN, and 70.922% 
(standard deviation is 15.978) for nmiReLU-EQ-V2 (Fig. 7). 

 
Fig. 6. Carlini-Wagner L2 targeted input synthesis success rate distribution (kernel density). 

 
Fig. 7. Basic Iterative Method targeted input synthesis success rate distribution (kernel density). 
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Thus, nmiReLU-EQ-V2 achieves the lowest synthesis success rate among the evaluated models. The 
higher success rates of nmReLU-JN and nmiReLU-JN may be related to their direct iterative training 
in the non-monotonic representation. In contrast, nmiReLU-EQ-V2 is initialized through EqEx from a 
monotonic equivalent representation. After EqEx, optimization continues in the non-monotonic 
representation, whose optimization landscape differs from that of the initial monotonic representation. 
This change may affect the local optimization behavior of gradient-based synthesis procedures such as 
BIM and contribute to the observed reduction in synthesis success. This result indicates increased 
resistance to the evaluated targeted input-synthesis procedures. This setting is related to input synthesis 
[25] and model inversion [26], where inputs are generated to produce prescribed model responses. It 
represents a scenario in which an attacker attempts to synthesize an input producing a desired model 
output without starting from an existing sample. 

5.1.5 Statistical Significance 
Statistical significance was assessed using the Mann-Whitney U test [24], as the data are not consistently 
normally distributed. Results are shown in Table 2. Abbreviations: ReLU-32 (R32), Non-monotonic 
ReLU (nmReLU), Non-monotonic Immortal ReLU with equivalent-phase training (nmiEQ), Basic 
Iterative Method (BIM), Carlini-Wagner L2 (CW-L2). 
Table 2. Mann-Whitney test results on MNIST. 

Compare Metric U P 
R32 vs nmiEQ Accuracy 3.15 ∙ 10଺ ≈ 0 
R32 vs nmiEQ CW-L2 22.5 2.09 ∙ 10ିଵଵ଼ 
R32 vs nmiEQ BIM 496 1.72 ∙ 10ିଵଵ଻ 
nmReLU vs nmiEQ BIM 1.36 ∙ 10ହ 9.20 ∙ 10ିଷଷ 

5.2 CIFAR 

5.2.1 Configurations 
The following configurations were considered: 

1. ReLU-16/32/128 (ReLU1632), based on Leaky-ReLU smaller model with 16 and 32 channels 
in convolutional blocks and 128 neurons in the dense layer, 

2. ReLU-32/64/256 (ReLU3264), based on Leaky-ReLU larger model with doubled capacity, 
3. NM-M, model uses non-monotonic mirrored activation proposed in [1], 
4. NM-DI, model uses non-monotonic immortal activation (nmiReLU) trained directly. 

5.2.2 Training results 
Here we compare the final performance on the test set. The results show a clear separation between 
activation types in terms of achievable accuracy. 
The larger baseline model (ReLU3264) achieved the highest performance, reaching a maximum mean 
test accuracy of 71.845% (standard deviation 0.649). The smaller baseline (ReLU1632) achieved 
68.595% (standard deviation 0.879), reflecting the expected capacity gap. 
Among non-monotonic variants, the mirrored activation (NM-M) reached 68.384% (standard deviation 
0.728), slightly below the ReLU1632 baseline. In contrast, the non-monotonic immortal activation 
(NM-DI) achieved 71.927% (standard deviation 0.962), significantly outperforming both ReLU1632 
and NM-M. 
Notably, NM-DI approaches the performance of the larger ReLU3264 model despite having 
approximately half the number of parameters. This suggests that preserving gradient flow in non-
monotonic activations substantially improves effective capacity (the ability of the network to use its 
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capacity). Across all configurations, the correlation between accuracy and F1 score exceeded 0.999, 
indicating consistent behavior across evaluation metrics. 

5.2.3 Learning dynamics 
Training curves functions (Fig. 8) reveal consistent differences in convergence behavior across 
activation. The larger baseline (ReLU3264) converges quickly and remains stable after reaching its peak 
performance. In contrast, the smaller ReLU1632 model saturates earlier and exhibits mild degradation 
in later epochs, indicating the onset of overfitting or limited capacity. 

 
Fig. 8. CIFAR-10 train and test accuracy curves. 

A similar but more pronounced effect is observed for the symmetric non-monotonic variant (NM-M), 
which peaks early and then gradually degrades. This suggests that non-monotonicity alone does not 
necessarily improve optimization behavior in convolutional settings. 
In contrast, the gradient-preserving non-monotonic variant (NM-DI) demonstrates more stable 
behavior. It continues improving beyond the point where other compact models saturate and does not 
exhibit the same degradation trend. As a result, it approaches the performance of the larger baseline 
while maintaining a compact architecture. 
Overall, these results indicate that gradient preservation plays a critical role in stabilizing training: while 
standard and symmetric activations tend to overfit or stagnate, the proposed NM-DI maintains 
consistent improvement and better generalization. 

5.2.4 Statistical Significance 
Statistical significance was assessed using the Mann-Whitney U test [24] on best-epoch accuracies. The 
improvement of NM-DI over ReLU1632 is statistically significant (𝑝 ≈ 4.6 ⋅ 10ିଽ), as well as over 
NM-M (𝑝 ≈ 4.8 ⋅ 10ି଻). Differences between NM-M and ReLU1632 are less pronounced and not 
statistically significant at standard thresholds (𝑝 ≈ 0.604), confirming that mirrored non-monotonicity 
alone does not reliably improve performance. 

6. Limitations 
This work is limited to relatively compact architectures and datasets (MNIST and CIFAR-10), and it 
remains unclear how well the proposed methods scale to larger models or datasets. The EqEx procedure 
also relies on several heuristic design choices, including spread thresholds and synchronization 
strategies, without formal convergence guarantees. 
In addition, EqEx was substantially more effective for fully connected networks than for convolutional 
architectures. Preliminary experiments suggest that extending representation transfer to convolutional 
layers introduces structural difficulties related to channel interactions, reducing its effectiveness 
compared to direct non-monotonic gradient-preserving training in the evaluated settings. 
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Finally, robustness evaluation was limited to standard white-box gradient-based procedures on MNIST. 
Although related work on symmetric activation functions [1] reported robustness improvements in 
convolutional architectures, robustness of the gradient-preserving activations for CNNs was not directly 
evaluated in this work. 

7. Conclusion 
This work shows that activation design, combined with appropriate training strategies, can improve 
neural network performance under fixed parameter budgets. 
On MNIST, non-monotonic activations with Equivalent Exchange (EqEx) improve resistance to the 
evaluated targeted gradient-based input synthesis procedures while maintaining or slightly increasing 
accuracy (up to +0.6–0.8%). EqEx enables stable training by transferring weights from a monotonic 
representation to a non-monotonic one. 
On CIFAR-10, EqEx does not directly extend to convolutional networks, but gradient-preserving 
(“immortal”) activations demonstrate clear benefits. They improve training stability, reduce late-stage 
degradation, and achieve higher accuracy than both ReLU and symmetric variants, approaching larger 
models. 
Overall, the results indicate that non-monotonicity and gradient preservation are effective in different 
regimes: representation transfer benefits fully connected networks, while stable gradient flow is critical 
for convolutional architectures. 
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